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¥ Kahler manifold M, wy =0
¥ spin structure: K 1/2
¥ Dirac operator D

D= 1t (B4 B): 1 OV (M,K Y2) # 1 00d(y Kk 12
2



The polynomials T, are called Topp polynomials. The 1dentity

X

. 1 +x .
T—o= = P 3% Gonix (we write exp (a) = ¢9)

is useful for the calculation of the first few ToDD polynomials. Tt implies,

using Lemma 1.3.1, formula (6,,) in the (c;, x, v,;) formulation and the
relations (7), that

Tic(cl: R Ck) =2 24}71 (—;" Cl)rAs(pl» MR ps) (12)

where the sum is over all non-negative integers », s with 7 - 2s = k.

F.Hirzebruch, Topological Methods in Algebraic Geometry, Springer-
Verlag, Berlin-Heidelberg-New York, (1966)
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Riemann-Roch theorem (M, ;) of algebraic geometry® seems to indicate that a
generalization of Rohlin’s theorem to higher dimensions must have something to

do with the A-genus. It can be proved® for an algebraic variety V that the vanish-
ing of the second Stiefel-Whitney class w. implies: A(Vy) = 0 (mod 2*), and
that for k odd, the vanishing of w, implies: A (V) = 0 (mod 2*™). It is easy to

calculate that for the non-singular hypersurface Vs of degree 2r imbedded
in the complex-projective space Py the Stiefel-Whitney class w, vanishes and
that

AV = 2% (GH).

F.Hirzebruch, Problems on Di ! erentiable and Complex Mani-
folds, Ann.of Math. 60 (1954) 213D236.



¥ compact 2-manifold I | real Lie group G

¥ character variety Hom( ! 1(! ),G"N/G'



¥ compact 2-manifold I | real Lie group G

¥ character variety Hom( ! 1(! ),G"N/G'

e flat G'-bundle, maximal compact K

e characteristic classes in

HI( oK), H2( 1 1(K))

. help to distinguish components of the character variety



EXAMPLE G'= SL(2,R)

¥ maximal compact SO(2), Chernclass c! H?2(! ,Z)= Z

¥ |c|" 2g# 2 (Milnor-Wood)

¥ |c| < 2g# 2 determines a connected component

¥|c|=2g# 2 $ 229 connected components



PLAN

¥ Higgs bundles and real forms

¥ Characteristic class wo for SL(n,R)

¥ (B,A,A)-branes and (B,B,B)-branes



HIGGS BUNDLES



¥ compact Riemann surface !

¥ principal G-bundle P

¥ A 3" ne space of connections on P

¥ infinite-dimensional flat Kahler manifold



e G group of gauge transformations

e (A, 1)! T'A= A# " 1.0(# ,g) Rat hyperkahler manifold

e moment map ( Fa+[! ,! 1,8a!)

e quotient moduli space of Higgs bundles

¥-EA! =0 FA+[!,!*]:O



e G group of gauge transformations

e (A1) T A= A# " LO0(# g Rat |1yperkah|er manifold

e moment map ( Fa+[! ,! 1,8a!)

e quotient moduli space of Higgs bundles

¥-EA! =0 FA+[!,!*]:O



¥ complex structure |: moduli space of (stable) pairs (

G = U(n) vector bundle V,! ! HO9" ,End V" K)

¥ complex structure J: RBat GC®-connection

#a+ 1 + | % (representations ! 1(" ) % GO

¥ complex structure K : Rat GC-connection

#a+ il &il®

A1)



REAL FORM

¥ K ! G" maximal compact

¥ principal K %bundle

¥ Higgs beld | # HO(" ,m$ K)

¥ holonomy of %+ | + | &# G

GI’



EXAMPLE G' = SL(n, R)

¥ orthogonal vector bundle V

yinyLio

¥" =" T HO# EndV # K)



ABELIANIZATION



THE FIBRATION

¥ hyperkahler moduli space M (G)

dmgr =4( g! 1)dim G

¥ principal G°C-bundle, ! " HO(" ,g# K)

¥ invariant polynomials  p1,...,pr on g

pm(! ) " HO(" ,K dm)

¥ bbration M 2K(G) $ CK



¥ Integrable system

¥ generic bbre abelian variety A

¥ G°= GL(n,C) det( x! ! )=0 spectral curve S

¥ bbre = Jac( S)



¥ spectral curve S: det( x! $)=0

¥ curve in the cotangent bundle !

¥1 :S" > n-fold cover

K"

>



oV =1L
o! = I (L" L#!'K)

e " $ 'K canonical section on total space



¥ L trivial bundle

¥mL=0O" K#1»  » g#n#l
¥ | = companion matrix
! $
=0 1 0 O0
"0 0 1 o?
i L&
an Aanp#1 ... ... A1

¥ section of M 2K(G) $ CK



G¢= SL(n,C)

L=U! 1"K(n#1)/2 deq U =0

Nm : Pic %(S) $ Pic?(! )

U %P(S,! )= Prym variety = kernel



YL=1'k("1)/2

¥ L= KMDR2Zg ™32y 4" (07112

¥ | = companion matrix
|
-0 1 0 Of
0 0 1 o?
b L&
an anp" 1 0

¥ section of M 2K(SL(n, C)) $ CK



real form/compact

REAL FORM G

involution ! :g"

+1 eigenspaces g= k# m

Higgs beld | $ HO(" m%K): 1& =

G' character variety

| bxed points M’

9



¥ | respects Pbraton M ' 1 (CK)!
¥ pbre over p" (CK)! =
¥ = pxed points A' in an abelian variety A

¥o! Aj! At zZN1 0



THE CASE G" = SL(n,R)



¥ involution !(a)= ! a'

¥1°(1ty= 11T



¥ involution !(a)= ! a'
¥1°(1ty= 11T

¥ det(x! ! Ty=det( x! !)
¥ # action on CK trivial

¥ # pbre $ Z3K



¥ bxed points in bbre ! {U" P(S,! ): U2 = O}

YL = U#! 3 (nnl)/2

¥ vector bundle V = 1gL where L2 L 1 $g n%l



¥ V is an orthogonal bundle

¥1'W L o" wy(V)=0

¥ What is wp(V)?




¥ V is an orthogonal bundle

¥1'W L o" wy(V)=0

¥ What is wp(V)?

. as a function of 23X



ORTHOGONAL STRUCTURE
¥ spectral curve S'! canonical bundle of !
¥ Kg= I#KD
¥d $HO(S, Ks%! #K#)= HO(S,1#KN&1ly = HO(s L2

¥ inner producton V = 4L at y$ S
! 3)2(

(s,s)y = a -

L(X)=y



KO THEORY

e L2= Kg" I'"K# = KO -orientation of ! :S$ =
e !, :KO(S)$ KO (X)

e i(1)=[ V]



¥KO(' )L Z" HI(! ,Zo)" H2(! ,Z>)
¥wqi(V)=0 # V =[n]+ cu

¥u=[L" L$] %[2], L degree one complex line bundle



¥KO(' )L Z" HI(! ,Zo)" H2(! ,Z>)

¥wqi(V)=0 # V =[n]+ cu

¥u=[L" L$] %[2], L degree one complex line bundle
¥ wo(u)=1 €Zo2 H2(! ,Zy) =wa(V)= ¢

M.F.Atiyah, Riemann surfaces and spin structures, Ann.Sci. ENS
4 (1971) 47D62.



THE MOD 2 INDEX

¥ M8kt+2 spin manifold, E real vector bundle

¥ Dirac operator D: E! st" EI §#

¥ dimker D mod 2 is a KO-theory characteristic number

¥p.: M" pt., ! (E):pl(E)$ Lo



¥ L holomorphic degree one line bundle on !

| _ . .
¥ Dirac operator 2D = &:(L+ L)#KY2¢$ (L+ L)#KY2g



¥ L holomorphic degree one line bundle on !

| _ . .
¥ Dirac operator 2D = &:(L+ L)#KY2¢$ (L+ L)#KY2g

¥ dim HO(! LK Y2)+dim HO(! ,L'kKY?2)=
=dim HO(! ,LK Y2)+dim H1( ,LK 1/2)
=(dim HO(! ,LK Y2) 9%6dim H1(! ,LK /2)) mod 2 =1

(Riemann-Roch)

¥1="(L+L)= "[2I+ "(u= "(u)= wy(u)



¥ spin structure K12, 1L2L Kol "K#1 take Kélz - L1k 12
¥"s()= "(L(@)= "(V)= "(In]+ wa(V)u)= n" 1)+ wp(V)
¥ n even wa(V)= "g(1)

¥nodd wy(V)= "g(1)+ "(1)




EXAMPLE SL(2,R)

o !

¥ Higgs bundle V= M! M | = 0

wo2(V)= ¢1(M) mod 2
¥ spectral curve O =det( x# ! )= z2# ¢ involution #(z)= #=x
¥ Prym variety P( S," )= {U:#' U2 U"}

y2dourudu



¥L=uUl'kl?

¥1,L=M*" M*¥: invariant/anti-invariant local sections

¥c(M¥T)= g# 1# k where 2k = no of bxed points where
action of " on L is #1

¥wo(V)=( g# 1# k) mod 2



¥ How many elements of order 2 give wo (V) =07?



¥ How many elements of order 2 give wo (V) =07?

¥ bxed points =0 ! 49" 4 zeros of quadratic di fferential ¢

¥0= wo(V)= g" 1" k: godd # k even

| T4g— 4%

K 4k

= % 1+1) 49 4+@ " DM r+a+ DA A+@ m )94

= 299" 64 207 4(( ! /440" 4 (@ 1114407 4) = 497645 2073

¥Pm::€fE?+ZEEE>




THE CASE G' =SU(m, m)



e SL(2,R) £ SU1,1)

e maximal compact S(U(m)" U(m))

_ o !
e bundle V = V, # Vg Higgs peld ! = 0
o "mV+ _l—_ " $?A3

e characteristic class ¢1(V: ) & H2(# ,Z)

L.Schaposnik, Spectral data for G-Higgs bundles, arXiv:1301.1981



¥ det(x! ! )= x2M+ gix2Mt 24

¥ involution !(x)= ! xon S

¥L=uUu"'k@mtD/I2 ygprs,")

yi1'u$y

+



¥det(x! ! )= x2M+ gix2M 24+ |+

¥ involution !(x)= ! xon S

¥L=uUu"'k@mtD/I2 ygprs,")

yi1'u$y

¥c1(Vy)= m(g! 1! k

2k = no of bxed points where action is

1



BRANES



BRANES

¥ symplectic geometry

¥ A-brane ¥ Lagrangian submanifold ....+ Rat bundle



BRANES

¥ symplectic geometry

¥ A-brane ¥ Lagrangian submanifold ....+ Rat bundle

¥ complex geometry

¥ B-brane 3 complex submanifold...+ holomorphic bundle



HYPERK AHLER MANIFOLDS

¥ complex structures 1,J,K
¥ symplectic structures ! q,1 5,13
¥ (B,A A )-brane: cx wrt |, totally real wrt J,K

¥ (B,B,B )-brane: )I-(K submanifold + hyperholomorphic bundle




¥ Mirror symmetry:

¥ the mirror of a ( B, A, A )-brane....

¥ ....isa( B,B,B )-brane

¥ What is the mirror of the

G'-character variety?




SYZ MIRROR SYMMETRY

¥ mirror = Pbration by dual abelian varieties

¥ mirror of M (G)= M (LG)

¥ SUmym) ! SL(2m, C)

¥LlsL@2m,C)= PSL(@2m,C)

¥ Need a hyperkahler submanifold of M (PSL(2m, C))



¥ spectral curve S: x2M+ ax2M 2+ 4+ an=0

guotient curve 8= S/!

¥ connected component of bbre P( g1 )" P(S,!)



¥ spectral curve S: x2M+ g x2M 24+ 4+ an =0

guotient curve 8= S/!

¥ connected component of bbre P( g1 )" P(S,!)

¥ OannihilatorO in dual of P( S, X)

= line bundles on P( S, ) trivial on P( §,%)



¥ connected component of bbre P( g'!1)! P(S,!)

¥ dual of P( S,! ) =Jdac( S)/ Jac(! )

¥P(S,8/P(S,8)" Jac(! ) Jac(S)/ Jac(! ) # Jac( 8)/ Jac(! )

¥ P(S,®)"Jac(! )= {US$Jac(! ): 1% % & "% = H1( 7))



¥ spectral curve S: x2M+ g x2M 24+ |+ an =0

¥ Prym variety P( S, 8)

¥ = moduli space of Sp(2m, C) Higgs bundles

¥ modulo H1(! ,Z,) = PSp(@2m, C) bundles

¥ hyperkahler submanifold of PSL(2m, C) Higgs bundles



HYPERHOLOMORPHIC BUNDLE

e Higgs bundle equations: dimensional reduction of ASDYM

¥ ASD connection A1dxq + Aodxo + ! 1dx3+ ! 2dXy

| 0 0 1 0 1
¥ DI — n n | + '
1 o #i ° #1 o0 *t i o0 7
!
. | D |
e Dirac operator D = _




¥D'D$%& &S %"$%"5"' kerD =0
¥ index theorem ' dimker D! = (2 g%2)rk V

¥ L2 connection is hyperholomorphic



¥ complex structure |

¥ 1 0P(y) — 1 0PV K)

g 4]

| 0t (V) 51 0t (1 @ K)

¥ total di #erential Y+ "

¥ Hodge theory: ker D' = hypercohomology H1



HYPERCOHOMOLOGY
¥ O(V) ! O(V" K)
¥ ker D# £ hypercohomology HZ1(V)

¥ 14O(L) ! O(L!*K)]

Hiv)E (L1 #K )y
{x:" (x)=0}



¥ connected components of SU(m, m)-moduli space

| 2k-element subsets of {x:!(x)=0 }

! 2kHl(V) L (L" "K)X1(|—" "K)Xz---(l—" "K)sz
{xj:'(xj)=0 }



¥ connected components of SU(m, m)-moduli space

| 2k-element subsets of {x:!(x)=0 }

! 2kHl(V) L (L" "K)X1(|—" "K)Xz---(l—" "K)sz
{xj:'(xj)=0 }

¥ CLAIM : This is the required hyperholomorphic bundle.



¥ What about SL(n, R)?

¥ general spectral curve ! HK manifold is the full PSL(2m, C)-
moduli space

¥ components wy =0 ,wp =1

¥ What is the hyperholomorphic bundle?



NONABELIANIZATION

¥ other real forms U'(m),Sp(2m, 2m),SO' (4 m)

¥ det( x" ®)= p(x)?

¥V=1U, Urank?2

¥ What is the mirror here?



