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Koopman unitary representation

Let T = (T4)gec be an ergodic measure preserving action of a
l.c.s.c. group G on a standard probability space (X, B, i). Denote
by Ur = (Ut(g))gecc the associated Koopman unitary
representation of G in L2(X, p):

Ur(g)f =="fo Tg_l7 fel?(X,pu).
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Actions with pure point spectrum. Abelian case

Suppose first that G is Abelian. If Ut is a direct countable sum of
1-dimensional unitary sub-representations then T is said to have a
pure point spectrum. In 1932, J. von Neumann developed a theory
of such actions in the case G = R.
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Three main aspects of this theory

@ isospectrality: two ergodic flows with pure point spectrum are
isomorphic if and only if the associated Koopman unitary
representations are unitarily equivalent,

@ classification by simple algebraic invariants: the ergodic flows
with pure point spectrum considered up to isomorphism are in
one-to-one correspondence with the countable subgroups in R
which is the dual of R,

@ structure: if an ergodic flow has pure point spectrum then it
is isomorphic to a flow by rotations on a compact metric
Abelian group endowed with the Haar measure.

Similar results hold for the general Abelian G.
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Actions with pure point spectrum. Non-Abelian case

G. Mackey (1964) extended the concept of pure point spectrum to
actions of non-Abelian groups: T has a pure point spectrum if Ut
is a direct sum of countably many finite dimensional irreducible
unitary representations of G.

He established a structure for these actions: an ergodic action T
has pure point spectrum if and only if it is isomorphic to a
G-action by rotations on a homogeneous space of a compact
group. However, in general, the G-actions with pure point
spectrum are not isospectral even in the case of finite G.
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Objects considered in the talk

G is the 3-dimensional real Heisenberg group H3(R) which is
apparently the ‘simplest’ non-Abelian nilpotent Lie group.
Moreover, we single out a special class of actions of H3(R) which
we call odometers. They are inverse limits of transitive
Hs(IR)-actions on homogeneous spaces by lattices in H3(RR).

For discrete finitely generated groups G, the G-odometers were
considered by M. Cortez and S. Petit (2008) in the context of
topological dynamics. We define G-odometers for arbitrary I.c.s.c.
groups and study them as measure preserving dynamical systems.
“Discrete” Heisenberg odometers, i.e. odometer actions of H3(Z)
were considered earlier in [" The structure and the spectrum of
Heisenberg odometers”, S. Lightwood, A. Sahin and |. Ugarcovici,
PAMS, to appear]
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To investigate whether von Neumann's theory of flows with pure
point spectrum extends (or partially extends) to the Heisenberg
odometers.
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Heisenberg group Hs(R)

consists of 3 x 3 upper triangular matrices of the form

1 a ¢
01 b,
0 01

where a, b, ¢ are arbitrary reals. The Heisenberg group endowed
with the natural topology is a connected, simply-connected
nilpotent Lie group.
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Three homomorphisms

We now let

Then {a(t) | t € R}, {b(t) | t € R} and {c(t) | t € R} are three
closed one-parameter subgroups in H3(IR). The last is the center of
Hs(R). Every element g of H3(R) can be written uniquely as the
product g = c(t3)b(tz)a(t;) for some t, tr, t3 € R.
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Unitary dual of H3(R).

The set of unitarily equivalent classes of irreducible (weakly

—

continuous) unitary representations of H3(R) is denoted by H3(RR).
The irreducible unitary representations of H3(R) are well known.
They consist (up to unitary equivalence) of a family of
1-dimensional representations 7, 3, o, 3 € R, and a family of
infinite dimensional representations 7., v € R\ {0}, as follows:

Ta,8(c(t3)b(t2)a(t1)) := e2milati+ft) 4
(my (c(t3)b(t2)a(t1))F)(x) i= 2B+ F(x 1 1)), f € L2(R, Ap)-

—

Thus we can identify H3(IR) with the disjoint union R? LI R*.
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Lattices in H3(R). Invariants &, kr and p(I')

Every lattice is co-compact.
Fix a lattice [ in H3(R). There is a real £ > 0 such that

FA{c(t) |t eR} = {c(mér) | me 7).

The commutator subgroup [I', ] is of a finite index kr > 0 in
{c(t) | t € R} NT. The central extension

{0} « R? <& H3(R) «— R « {0}
induces a short exact sequence
{0} «— p(I) 2= T < &7Z «— {0}.

p(T) is a lattice in R
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Classification of lattices

Given a lattice I' in H3(R), there is an automorphism 6 of H3(R)

such that
1 / ki
=
o(r) = 01 m||l,mneZ
0 0 1

Hence two lattices 'y and ', in H3(R) are automorphic if and only
if kr, = kr,. Two lattices ['1 and Iy in H3(R) are conjugate if and
only if kr, = kr, and p(I'1) = p(2).
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Odometer actions of locally compact groups

Let ' DT D --- be a nested sequence of lattices in G. Consider
a projective sequence of homogeneous G-spaces

G/Ty ¢ G/Tpte-mm .

All arrows are G-equivariant and onto. Denote by X the projective
limit of this sequence. Then X is a locally compact second
countable G-space: G/I'1 is locally compact and every arrow is
finite-to-one. X is compact if and only if each I, is co-compact in
G. The G-action is minimal and uniquely ergodic. The only
invariant probability measure 1 on X is the projective limit of the
probability Haar measures on G /T ,.

Definition

We call the dynamical system (X, i, G) a G-odometer.
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Freeness of Heisenberg odometers

Theorem

Let T be the H3(R)-odometer associated with a sequence
1 DTaD--- of lattices in H3(R). Then T is free if and only if

{e(t) [ te R} N2, Fo = {1}.

| \

Example

Let [ := {c(nli3)b(ni2)a(it) | i1, in, i3 € Z}. Then I, is a lattice
in H3(R), M1 DM D -+ and {c(t) |t e R} N2, Tn={1}. On
the other hand, (72, T'n = {a(h) | h € Z}.

\

If [, is normal in ' for each n and T is free then

Mnz1 p(Tn) = {0}.
In general, (2, I, = {1} does not imply (°2; p(T'») = {0}.
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Spectral analysis for transitive actions of H3(IR) on

nil-manifolds

Fix a lattice ' in H3(R) and consider the homogeneous
Hs(R)-space H3(R)/T.

Let U denote the corresponding Koopman unitary representation
of H3(R)

If p(T) = A(Z?) for some matrix A € GLp(R) then we denote by
p(T)* the dual lattice (A*)~1Z2 in R?. It is easy to see that the
dual lattice does not depend on the choice of A.

|n|kr
U= D mse D D
(a,8)Ep(I)* 0#neZ 1
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Isospectrality of transitive Hs(R)-actions on nil-manifolds

Corollary

Let T and T’ be two lattices in H3(R). Denote by T and T' the
corresponding measure preserving actions of Hz(R) on the
homogeneous spaces H3(R) /I and H3(R) /I’ respectively. The
following are equivalent:

e T and T' are isomorphic.
o p(I') = p(I") and kr = kr.
o p(r) = p(I") and & = &,

@ The Koopman representations of H3(R) generated by T and
T' are unitarily equivalent.

@ T and T’ have the same maximal spectral type.
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Non-degenerate odometers

Denote by (X, i, T) the H3(IR)-odometer associated with

Dl D---. Let (Y,v) stand for the space of
(Tc(t))ter-ergodic components and let £ : X — Y stand for the
corresponding projection. Then an R2-action V = (Vi t2) (11, 1) em2
is well defined by the formula V4, ¢, f(x) := f(Tp(z,)a(1)x)- We call
it the underlying R%>-odometer. It is the R>-odometer associated
with the sequence p(I'1) D p(I'2) O --- of lattices in R2,

Definition
We say that T is non-degenerate if one of the following equivalent
conditions is satisfied:
@ The underlying R2-odometer is non-transitive.
o The subgroup (J;Z; p(T;)* is not closed in R2
© The sequence (p(I;));2; does not stabilize, i.e. for each j >0
there is j1 > j such that p(I';) # p(I'},).
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Spectral decomposition for Heisenberg odometers

Let U stand for the Koopman unitary representation of Hz(R)
generated by a Heisenberg odometer T.

e If T is non-degenerate then

U= @ Ta,B S @ @W'Y'

(.B)elUiz, p(r;)* 0#velU, 56-12 1

o If there is | > 0 such that p(I';) = p(I';) for all j > | then

m(7)
U= @ Ta,3 ® @ @ Ty

(e.B)ep(T1)* ozveUz &'z 1

where m() := |y|¢r;kr; for each v € Sr_le, Jj= 1
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Off-rational subgroups

Definition

A subgroup S in R™ is off-rational if its closure S is co-compact in
R™ and there are a subgroup @ C Q™ and a matrix A € GL,(R)
such that S = AQ.

Given S, we associate to S an off-rational subgroup 7(S) in R.
Since S is off-rational, there is a sequence of matrices

A; € GLn(R) N My (Z) such that A{*Z™ C A;YZ™ C -+ and
Uz, Aj_lZm = Q and hence S = JZ; AAJ._lZ’".Consider now a
sequence of subgroups

det A c det A c
det A; det A,

in R. Then 7(S) := U7, det A7, is a dense off-rational subgroup
J
of Rif m> 1.

7(S) does not depend on the choice of the sequence (Aj)f.ir
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Invariants Sr and &

Suppose we are given a sequence I = (rj)fi1 of lattices
M1 DT2D -+ in H3(R). Then Sr:= ;2 p(I;)* is an off-rational
subgroup of R? and &1 = Uj’il fr_le is an off-rational subgroup in

R. If T is free then & is dense in R.

Proposition

T(Sr) Dé&r.

Theorem

Given an off-rational subgroup S in R? and an off-rational
subgroup £ in R such that 7(S) D &, there is a sequence ' of
lattices T1 D Ty D -+ in H3(R) such that Sr =S and {r =&. If S
is densiothen ;21 p(F;) = {0}. If, in addition, { is dense in R
then ()2, I; = {1}.
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Definition

Two Hz(R)-odometers T and T’ are called f-isomorphic if they are
associated with some sequences (I';)22; and (I';)72; (respectively)
of lattices in H3(R) such that I'; and I'; are conjugate in H3(R) for

each j.

Theorem

o Let T =(I})2, and " = (I'})22; be two sequences of lattices
in H3(R) such thatT1 DTy D -+ andT) DT, D ---. Let T
denote the odometer associated to I' and let T' denote the
odometer associated to ['. Then T and T' are f-isomorphic if
and only if Sp = Sy and & = &

@ The Heisenberg odometers T and T' are f-isomorphic if and
only if the Koopman unitary representations of Hz(RR)
associated with them are unitarily equivalent.
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Heisenberg odometers are not isospectral

Example

(cf. [The structure and the spectrum of Heisenberg odometers, by
S. Lightwood, A. Sahin and |. Ugarcovici, Example 4.9]). Fix a
sequence of natural numbers k; < ko < --- such that k; =1 and
kn(kn + 1) = kpy1 for each n. Let

= {c(knjz)b(knj2)a(knj1) | j1,J2,J3 € Z} and
[ := {c(knjz + j1)b(knj2)a(knj1) | j1,J2,J3 € Z},

n € N. The corresponding H3(R)-odometers T and T’ are
f-isomorphic but non-isomorphic. Let o denote the flip in H3(R),
i.e. o(a(t)) = b(t), a(b(t)) = a(t) and o(c(t)) = c(—t), t € R.
Moreover, T is symmetric, i.e. T isomorphicto T oo but T’ is
asymmetric. Nevertheless, T’ is f-isomorphic to T’ o 0.
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Product of odometers

Theorem

Let T and T' be two Heisenberg odometers associated with the
nested sequences of lattices I = (I;)72; and " = (I})72; in H3(R)
respectively. Then

e T x T’ is ergodic if and only if Sr N Srr = {0}.

o T x T' is ergodic and has discrete maximal spectral type if
and only if Sr N Spr = {0} and &r N & = {0}. In this case the
Koopman unitary representation Ut 1/ of H3(R) decomposes
into irreducible representations as follows

Urxt = @ Ta,8 @ @ @M

(,B)E€Sr+Sp 0FAvEEr+&r 1

e T x T' is not isomorphic (even not spectrally equivalent) to
any Heisenberg odometer.
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(A) Self-joinings of transitive Heisenberg odometers

Let I = {c(n/k)b(m)a(l) | n,m, | € Z} for some k € N. Every
element g € H3(R) can be written uniquely as

g = c(t3)b(t2)a(t1)y forsomeyeland 0<t3<1/k,0<tr <1
and 0 < t; < 1. Hence the quotient space H3(R)/I is a 3-torus

T3 = {(t1,t2,13) | 0< 11 <1,0< tr < 1and 0 < t3 < 1/k}.

We write the H3(RR)-action on the homogeneous space H3(R)/T in
a skew product form:

Te(y,z) = (p(g) - y,alg,y) + 2),

where (y,z) € Y x Z := (R/Z)? x (R/k~'Z), the symbol "
denotes the usual action of R? on Y by rotations and
a: H3(R) x Y — Z is the corresponding cocycle.
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Let Ay denote the measure on Y X Y sitting on the subset
{(y,d+y)|y € Y} and projecting on the Haar measure on Y
along each of the two coordinate projections. Given a closed
subgroup Ain Z x Z, we denote by Ap the Haar measure on A.
We consider it as a measure on Z x Z. Given z € Z, we denote by
Ap © Z the image of Ap under the rotation

ZxZ>3(z1,n)— (n,+2z)e ZxZ. Let

Dg:=Ulo{(t+ k712, t+j/(qgk) + k1Z|0<t <1} CZx Z.

Theorem

The set J5(T) of all ergodic 2-fold self-joinings of T is the union
of two families as follows:

{AgxAzxz | dis aperiodic}U{Adx)\Dq(d)oz | d is periodic, z € Z}

Every joining from the first family is a non-transitive dynamical
system and every joining from the second family is a transitive
dynamical system.
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There exist ergodic 2-fold self-joinings of T which are not
isomorphic to any Heisenberg odometer.
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(B) Self-joinings of general Heisenberg odometers

We now consider a Heisenberg odometer T associated to a
sequence of latices ['{ DI, D ---. The T-action can be
represented as a skew product. The space of this action is the
product Y x Z of two compact Abelian groups

Y = projlim;_, R?/p(T;) and Z := proj lim;_,« Zj, where

Zj = R/ger. Given d € Y, we denote by Ay the image of the
Haar measure on Y under the map Y3y — (y,y+d) € Y x Y.
Every element d € Y is a sequence (d})jen of elements

d;j € R?/p(T;) such that d; 1 maps to d; under the natural
projection R?/p(j+1) — R?/p(T;) for each j. In a similar way,
every element z € Z is a sequence (zj);en of elements z; € Z; such
that z;11 maps to z; under the natural projection Z; ;1 — Z; for
each j.
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If d; is periodic then we denote by D; be the closed subgroup of
Z; x Zj associated with d; in the way described in the part (A). We
note that D; contains the diagonal of Z; x Z; as a subgroup of
finite index. Moreover, D;,1 maps onto D; under the natural
projection Z;1 — Z; for each j. Hence a projective limit

Dy := projlim;_,, D; is well defined. It is a closed subgroup of Z.
Given a closed subgroup A of Z x Z, let A stand for the Haar
measure on A. Given z € Z, let Ap o z denote the image of A
viewed as a measure on Z x Z under the rotation

(z1,22) = (z1,22+ z) of Z x Z.

Theorem

The set J5(T) of all ergodic 2-fold self-joinings of T is the union
of the following two families:

J5(T) = {Ad x Azxz | d=(dj)jen with d; aperiodic for each j}
U{Aqg x Ap, 0z | d = (d;)jen with d; periodic for each j and z € Z}.
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On spectral determinacy of Heisenberg odometers

(A) The case of transitive odometers

Let T be an ergodic action of H3(R) on a standard probability
space (X, u). Denote by Ut the corresponding Koopman unitary
representation of H3(R).

If Ut is unitarily equivalent to the Koopman unitary representation
generated by the action @ of H3(R) by translations on H3(R)/I'
for a lattice I' in H3(R) then T is isomorphic to Q.

Thus the class of transitive Heisenberg odometers is spectrally
determined.
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On spectral determinacy of Heisenberg odometers

(B) The general case

@ The subclass of degenerate Heisenberg odometers is spectrally
determined.

@ Let T be a non-degenerate Heisenberg odometer. Then there
is an ergodic action R of H3(R) such that R has the same
maximal spectral type as T but R is not isomorphic to T
(and hence to any Hs(R)-odometer).

@ There is is an ergodic action of H3(R) which is unitarily
equivalent to a Heisenberg odometer but which is not
isomorphic to any Heisenberg odometer.
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On Hs(Z)-odometers (considered in " The structure and

the spectrum of Heisenberg odometers”, by S. Lightwood,
A. Sahin and |. Ugarcovici, PAMS, to appear)

Let 1 DI D - be a decreasing sequence of cofinite subgroups
in H3(Z). Denote by T = (Tg)geH,(z) the associated
Hs(Z)-odometer. Let (X, 1) be the space of this odometer.

We call T normal if T; is normal in H3(Z) for each j.

Let T' = (Tg)geHs;(r) denote the H3(IR)-odometer associated with
M1 DM D---. Then T’ is the action induced from T.
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If T is normal then X is a compact totally disconnected group and
1 is the normalized Haar measure on X. Indeed, we obtain a
sequence

of finite groups H3(Z)/T'j and canonical onto homomorphisms such
that X = projlim;_, . H3(Z)/T;. Moreover, a group
homomorphism ¢ : H3(Z) — X is well defined by the formula
o(g) = (p(g))721, where ©(g); := gTj. Of course, p(H3(Z)) is
dense in X. It is easy to see that Tgx = ¢(g)x for all g € H3(Z)
and x € X. Hence T has a pure point spectrum in the sense of G.
Mackey. Moreover, T is normal in the sense of R.Zimmer (1976).
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The normal H3(Z)-odometers are isospectral.
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Let L; denote the left regular representation of H3(Z)/T;. Let Z;
stand for the unitary dual of H3(Z)/T;. It is well known that (up
to the unitary equivalence) L; = @TGIJ @Y 7, where d, is the
dimension of 7. In particular, #(H3(Z)/T}) = 32,7, d?.
Moreover, #Z; equals the cardinality of the set of congugacy
classes in H3(Z)/T;.
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Spectral decomposition of the normal Hs(7Z)-odomoters

The canonical projection X — H3(Z/T;) generates an embedding
L2(H3(Z)/T;) C L2(X). Therefore we obtain an increasing
sequence

L*(H3(2)/T1) € L*(H3(Z)/T2) C

of Ur-invariant subspaces whose union is dense in L?(X) and such
that the restriction Ut | L2(H3(Z)/T;) is unitarily equivalent to
L; o pj, where p; : H3(Z) — Hs(Z)/T is the canonical projection.

Let I1 := Ujen{7 o pj | 7 € Z;} and d, is the dimension of ..
Then we have

An explicit computation of Z1 in terms of the sequence (Fj)j’il
was done in [Lightwood, A. Sahin and |. Ugarcovici, to appear].
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Corollary

Two normal H3(Z)-odometers T and R are (measure theoretically)
isomorphic if and only if T = IR.

| \

Remark

There are non-isomorphic normal Hz(Z)-odometers such that the
Koopman representations of H3(R) generated by the
Hs(IR)-odometers associated with the same sequences of lattices
are unitarily equivalent.
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Let I be a lattice in a l.c.s.c. group G.

Definition

Two ergodic actions T and R of I are called flow equivalent if the
induced actions Ind¢(T) and Ind&(T) are isomorphic.

If G is Abelian then the actions are flow equivalent if and only if
they are isomorphic.

@ Are there flow equivalent non-isomorphic ergodic actions of
Hs(Z)?

@ The same within the class of odometers?
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