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In order to construct M-theory/String Theory axiomatically, we
need to know

@ Degrees of freedom: Perturbative string spectrum
(graviton, gauge fields), D-branes (K-theory, gerbes)

@ Symmetries: Besides usual general coordinate invariance,
gauge symmetry, ..., String Theory possesses additional
discrete symmetries (T-duality, S-duality, ...).

Peter Bouwknegt Quantum Field Theory, Topology and Duality



For a QFT on a manifold M the degrees of freedom are locally
(i.e. on a coordinate patch U, c M) given in terms of fields
9uv, Ay, B, . . ., related in overlaps by coordinate
transformations, gauge transformations, etc.

Globally, we can think of these fields as sections of bundles
over M, connections on vector bundles, gerbe connections, ...

In String Theory we may also allow for the fields in overlaps to
be related by the additional discrete symmetries (T-duality,
S-duality, ...). In that case the underlying manifold is no longer
geometric. What is the global meaning?
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There are two proposals (based on considering examples of
T-duality)

@ Noncommutative geometry (open strings): The
"nongeometric manifolds" are continuous fields of
noncommutative tori over a base manifold M (price to pay:
not locally trivial).

@ Generalized geometry (closed strings): The "nongeometric
manifolds" are so-called T-folds (price to pay: doubling of
the dimensions) [Hull].
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In this talk | will review the global aspects of T-duality and show
why Generalized Geometry, as introduced by Hitchin, provides
a natural framework to discuss T-duality.

If time allows, | will also show how generalized (complex)
geometries show up naturally in the study of two-dimensional
sigma models.
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Closed string on M x S’

Closed strings on M x S' are described by
X:¥ - MxS

where ¥ = {(o,7)} is the closed string worldsheet.
Upon quantization, we find

@ Momentum modes: p = &
@ Winding modes: X(0,7) ~ X(1,7) + mR

2
Mass? = (%) + (mR)? + osc. modes

We have a duality R — 1/R, such that ST on M x S is

equivalent to ST on M x S' (or a duality between IIA and 1B
ST, for susy ST)
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The Buscher rules

Low energy effective action given by (conformally invariant)
o-model

S= / [ﬁhaﬁgMN(X)aaxMaﬁxN + BBy (X)Da XM D5 XN
+\MR(h)¢(X)]

Now, suppose we have a U(1)N isometry X™ — X™ 4+ ™ then
this action has a symmetry given by the Buscher rules

= Qu Q
Q — b v b un
" (omy omn>

_<QW_ Nm(QA)anmj - um(Qq)mn
B (071)mnonu (071)mn )
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More explicitly, for a U(1) isometry,

~ 1
(1] g..
—~ B,
Gopp = ngj
~ 1
v = Guv — g (gwgw - Boqu)
B - Y
o oo
~ 1
B,uu = B,uu - a (gopBoy - gouBoy)
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Principal S'-bundles

Suppose we have a pair (E, H), consisting of a principal circle

bundle
S' — L E

M
and a so-called H-flux H, a Cech 3-cocycle.

Topologically, E is classified by an element in F € H>(M, Z)
while H gives a class in H3(E,7Z)
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The T-dual of (E, H) is given by the pair (E, Fl), where the
principal S'-bundle
S
M
and the dual H-flux H € H3(E, Z), satisfy

— m

F=mH, F=#H

where ., : H3(E,Z) — H?(M,Z), and
7. H3(E,Z) — H?(M, Z) are the pushforward maps
(‘integration over the S-fiber)
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The ambiguity in the choice of H is removed by requiring that
p*H—p*H=0
in H3(E x E, Z), where E x E is the correspondence space

E xy E ={(x,X) € E x E | n(x) = 7(X)}
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Locally, the transformation rules on the massless low-energy
effective fields (g, Bun) are consistent with the Buscher
rules.

In particular, since we claim that (type IIA/B) String Theory on
E, in the presence of a background H-flux H, is T-dual to (type
[I1B/A) String Theory on E, with background H-flux H, the
spectrum of D-branes should coincide.

Theorem: This T-duality gives rise to an isomorphism between
the twisted K-theories of (E, H) and (E, H)
(with a shift in degree by 1)
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@ T-duality exchanges momentum (related to TE), with
winding (related to T*E) of a string.

A natural geometric framework for T-duality is therefore a
framework which treats TE and T*E on equal footing.

I
GENERALIZED GEOMETRY
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Generalized geometry

Replace structures on TE by structureson TE ® T*E

@ Bilinear form on sections (X,=) e [(TE & T*E)

<(X1 s E1 ), (Xg, 52)> = %(2)(1 EQ + ZXZE1)

@ (twisted) Courant bracket

|[ (X17E1)7 (X2752) ]]H =
([X1,X2],/:,X152 — £X251 — %d (ZX152 — ZXZE1) + ’LX1’LX2H)

where H € Q3 (E)
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Generalized Geometry (cont'd)

o Clifford algebra

{7(X1 751)’7()(2752)} = 2((X1,=1), (X2, =2))

@ Clifford module Q°*(E)

’)/(XE)-Q:?,XQ—FE/\Q

@ (twisted) Differential on Q*(E)

dyQd=dQ+HAQ
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Properties of the Courant bracket

For A,B,C € [(TE @ T*E), f € C*(E),

(a)
[A, B] = —[B, A]
(b)
Jac(A, B, C) = [[A, B], C] + cycl = dNij(A, B, C)
with
Nij(A, B, C) = } ({[A, B]. C) + cycl)
(c)

[A, 18] = f[A, B] + (p(A)f)B — (A, B)df

where p: TE & T*E — TE is the projection.

[Note that isotropic, involutive subbundles A ¢ TE & T*E (Dirac
structures) give rise to Lie algebroids.]
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Properties of the Courant bracket (cont'd)

(d) Symmetries of (-, -) are given by orthogonal group
O(TM & T*M) = O(d, d).
A particular kind of orthogonal transformation is the
so-called B-field transform. For b € Q2?(E)

eP(X,Z) = (X, = +1xb)

We have
e’[A, By = [€°A, € By ab
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Courant bracket as a derived bracket

We have the following ‘Cartan formulas’

{106,200 106,22 = 2((X1,=1), (X2, Z2))
{duvx2) = Lixz)
(L0 ,20)s Y0e,Z2)] = V(X .Z1)00%.22)
[£x,20) L06,20)] = LX1,21)00%,Z) = L1(X1,51),(X,%2)]

where
c(X,E) Q=LxQ+ (d=+1xH) A Q

and the Dorfmann bracket is defined by

(X1 s 51) @) (XQ,EQ) = ([X1,X2],,CX1 EQ — ZXZdE1 + ZX1 ZX2H)
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T-duality for principal circle bundles

Given a principal circle bundle E with H-flux H € le(E)g
S' — - E

o H = Hgy+ AN Hp), F=dA
M

there exists a T-dual principal circle bundle

st —

//‘\I:H(3)+//4/\F, ﬁ:H(Q):d//A

=N
— M

<
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Theorem [Bouwknegt-Evslin-Mathai,

Cavalcanti-Gualtieri]

(a) We have an isomorphism of differential complexes
7 (Q(E)sr, dn) — (2°(E)st, dp)
T(Q(k) +AN Q(k,1)) = —Q(k,1) + A A Q(k)
Tody=—dgor
Hence, T induces an isomorphism on twisted cohomology
(b) We can identify (X,=Z) € I'(TE @ T*E)g with a quadruple

(x,f;€,9)
X=Xx+ 10y, =¢£+9A

and define amap ¢ : [(TE ® T*E)gi — [(TE ® T*E) &
G(X + fOa+ &+ gA) = X + g5 + € + fA

The map ¢ is orthogonal wrt pairing on TE & T*E, hence
7 induces an isomorphism of Clifford algebras
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Theorem (contd)

(c) For (X,=) e T((TE® T*E)g1) we have

T(Vxz) - ) =Ypxz) - T(R)
Hence 7 induces an isomorphism of Clifford modules
(d) For (Xj,=;)) e T((TE® T*E)g1) we have
o ([(X1,=1), (X2, Z2)1H) = [9(X1,=1), (X2, =2)] 5

Hence ¢ gives a homomorphism of twisted Courant
brackets

It follows that T-duality acts naturally on generalized complex
structures, generalized Ké&hler structures, generalized
Calabi-Yau structures, ...
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Theorem (contd)

(e) Generalized metricon TE @ T*E
g _ _g71 b g71
g—bg~'b bg™!
Note that G2 = 1. We have

Cy=Ker(G—1)={(X,(g+ b)(X)), XeT(TE)}
=graph(g+b: TE — TE),

The transformed generalized metric Gis given by
C, =graph(g+b: TE — T*E)

where (g, B) are given by the Buscher rules.
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Proof (sketch)

We have ~
dy=d+ H(3) +F8A+A/\H(2)

which proves
Tody=—dyor

The isomorphism of Clifford algebra and modules follows just
as easily, and the statement on the Courant bracket follows
from the Cartan formulas. O
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Dimensionally reduced Courant bracket

[(x1, f1:&1, 91)s (Xe, s &2, 92)| P =
([x1, x2], X1 (f2) — X2(f1) + 2x, 2, F;
(Lxbo — Lx&1) — 30d(1x &2 — 16E1) + 1x 10 Hia)
+ 3(dfi gz + Hdgy — fidgs — dhg1)
+ (9214 F — 9116 F) + (g Hi2) — frug Hz)),
X1(g2) — X2(g1) + 1,0, H(2))
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Generalization to principal torus bundles

We have

H = Hg) + Ai A Higy + 3Ai N A AN HE + SA A A A A A H

such that

di =d + Hig) + Fi2)iOa + 3 F(1)j0a 1\ Oay + & Fi0)iDa; N O, 1 O

. | . ; "
+ Ai A H(Iz) + éA,' A Aj A H(I/.l) + éAi A Aj A Ak A Héj())

The F(1y; and F(q)x are known as nongeometric fluxes
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Nongeometric fluxes

Let {e,} be a basis of I'(TE), such that [ea, ep] = f2°€ec, and
{€?} be a dual basis of [( T*E), then the Courant bracket can
be expressed as

[ea, en] = fap°€c + havce®
b b
[ea, €] =g a€c — facbec
|Iea7 eb]] — Orabc(_:,C + qabcec
where H = § hapee? A €° A €°.

Together with certain conditions on the structure constants this
defines a Courant algebroid.

Theorem [Bouwknegt-Garretson-Kao]: T-duality provides an
isomorphism of (certain) Courant algebroids.
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Nonlinear o-model

Let X : X — M (X is 2D worldsheet, M is target space).
Suppose (M, G) is a Riemannian manifold. Then a natural
action is

S=1 /Z Gji(X) dX' A xdX!
=1 / d?o G(X)(X'X — X' X7)

where X' = 9, X', X' = 9,X.
The canonical momenta are given by
P; = 95 GiX
oX!
and the Hamiltonian is

H = /da(P,-X" L)

= ;/da(G’/P,-PjJrG,-jX’X/)



Nonlinear o-model

Poisson brackets
{X'(0), X/(c")}pg = 0
{Pi(0), X/(c")}pg = 6/ 6(c — o)
{Pi(0), Pi(c")}p =0

Related to a vector field u = u'9; € T'(TM) we have currents
Ju — UIP,
and corresponding charges
Q= /da Ju(o)
generating transformations
(5UXI = {QU,XI}PB = Ui



Nonlinear o-model

The charge algebra is given by
(Qu Qu}ps = [ dode’{(U'P)(0), (vP()}
= /dd [U, V]iP,' = Q[u,v]
We have
{Qu, H}pg = / do £4(Gy) (G*G' PP — X*X')

hence the charge is conserved if £,(Gj) = 0, i.e. if u is a Killing
vector for the metric G.
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Nonlinear o-model

Now, for (u,&) € I'(TM @ T*M) consider the generalized current

J(u@) = UiP,' + f,'Xli

Quye) = / do Jue)

A similar computation as before gives

and charges

{Quug)> Qumytre = Qqug), (vl

where

[(w, &), (vom)] = ([u, V], Lun — Lv€ = 3 (wun — 1))

is the Courant bracket.
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Nonlinear o-model

while
{Q(u,ﬁ)a H}PB Z/do (LU(GI'J')(GIKG/IP/(P/ B X/kX")
+2(0g - 95) G*PeX)

hence the charge is conserved if £,(Gj) = 0 and d¢§ = 0.
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Nonlinear o-model with B-field

We can ‘twist’ the nonlinear o-model by a so-called B-field,
B c Q2(M)

S—1 / (G,-,-(X) aX' ] + B(X)aX' 1 oX))
/ oo JXXI = XXy~ By X XT)

The canonical momenta are given by

5S - .

and the Hamiltonian is

H=1 / do (GI(P; + BiX (P + ByX") + GyX'XT)
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Nonlinear o-model with B-field

The charges

uf /dUJ(uf) —/da P —‘rB,kX )—l—f,’X/i)

now satisfy

{Quug)> Qumytre = Qqug), vy
where H = dB and

[(v,€). (vomlm = ([u, V], Lun — Lv€ — 3d(wn — wé) + i H)

is the twisted Courant bracket.
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while
{O(u,g)v H}pg = / do (ﬁu(G,-j)(G"kGi/PkPl _ X/iX/f)
+2 (~uHy + (01— 0161) ) G*PexX )

hence the charge is conserved if £L,(Gj) = 0 and 1yH = d§
(implying L,H =0and £,B = d(§ — ,B)).

Remark: Model can be generalized to SUSY o-models (related
to complex structures on M).
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Poisson o-model

Let (M, ) be a Poisson manifold. l.e. I = 3N79; A 9;is a
Poisson bivector

(M, Mm% = ngn* + cycl = 0

Let Ac T(T*X @ X*(T*M)). l.e. A(o) is a 1-form on X with
values in T;(U)M.
The Poisson o-model is defined by

S= / (A,- AdX + SNTA; A A,-)
pN
The equations of motion are
dX'+NiA; =0
dA; + 0MANA =0

[The Poisson condition arises as a consistency equation for the
equations of motion]
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Poisson o-model

We can write the action of the Poisson o-model as
S— / oo (P,-X" _ A,-T¢’)
where ‘ ‘ )
Pi=A,, ¢=X"+nIP

This shows that the Poisson o-model is a constrained
dynamical system with vanishing Hamiltonian, and that
P; = Aj, is the momentum conjugate to X'.

We have

{¢/(0), #(0") e = —(0kN")$"(0)5(0 — ')

(provided [, M]s = 0). l.e. the constraints are first class.
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Poisson o-model

Symmetries parametrized by ¢ = &dX’ € T(X*(T*M))
se X' = Nl
5eAi = d&; + OV Ajgk
The corresponding current is given by
Je = &(X+ NPy
and, after a short calculation
{Qc, Q) = Qe n

where
[£.nln = Lnegn — Lny& + d(M(€, 1))

is the Koszul bracket on I'( T*M) and we have identified the
bi-vector M with M : T*"M — TM.
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Poisson o-model (cont’d)

We can interpret the fields (A, X) of the Poisson o-model as a
defining a bundle map

TS 2. T*M

! |

ZLM

Theorem: The bundle map ¢ = (A, X) is a Lie algebroid
morphism iff ® is a solution to the Poisson o-model equations
of motion.
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Generalized WZW Poisson o-model

Consider

S = / (AA dXT+ L(GIA A +A;+ A A Ay + BydX' 1 aXT) )
>

The resulting Hamiltonian is
H=1 / do (GI(Pi + BiX¥)(P; + ByX")
+ Gy(X "+ (P + B X)X + V(P + BisX9)))

where P; = Aj,.
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Generalized Poisson o-model

The currents/charges
J(U,ﬁ) = Ui(P,' + B,'kX,k) + f,‘(X,i + I'I’k(Pk + Bk/X/I))
satisfy
{Que)> Qv tre = Quue).(v.nla

where, in terms of a (local) basis e; = 9;, & = dX' of
[(TM & T*M)

[ei. &1r = fi*ex + hixe”

[ei,&]r = g/ ex — fil e

[€', €]r = r*eX + qilek
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Generalized Poisson o-model

with, the so-called Roytenberg relations
hi = 9iBj
fi'k _ _hijlnlk
o’ = kN — hygmn'N™
rik =0, Mm% + A0 NNk

This bracket is a particular example of a Courant algebroid (a
so-called lN-twisted Courant algebra).
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It is of course well-known that the B-term can be lifted to three
dimensions, i.e. only needs to be locally defined, provided
H = dBis a globally defined form, then

i / HijdX" A dX! A dXk =1 / BjdX' A dX!
N Y=0N

(cf. WZW model).
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Generalized WZ terms

More generally, one can lift the other topological terms as well
and consider a generalized WZW Poisson o-model

S= A ndX!+ S GIA; A <A))

>=0N (
+ / (%h,-jkd)?’ NdXI N dXE + SR A A dXT A dX
N
+ %QK”A/ A Aj AdXE + %I’ijkA,' A Aj A Ak>
where dX' = dX’ + M A,

It turns out that this generalized WZ-term is topological (locally
a total derivative) iff the Roytenberg relations are satisfied.
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HAPPY BIRTHDAY ALAN!
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