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3- and 4 - manifolds

via

knots and links

Slogan :

"

knots and links give a concrete approach
to studying 3 - and 4 - manifolds

"



Play :

• Dehn Angary descriptions of
3- manifolds

- existence & uniqueness

- 3 -manifolds bound
4- manifolds [ Ro Kulin

1951]

• Kirby diagrams for
4 -manifolds

- examples

• Sample problems
and conjectures

- atomic surgery problems
- homology cobordism group

& triangulations
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Seifert fibered spaces
-
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[Lickerish - Wallace 1960] Every closed ,
orientable MB is the result of

Dehn surgery on
some link L E S3

sketch of proof
:

-
-

-

[ Moise 1952] Every
TOP 3- mfld admits aunique triangulation .

# M a 3 - wfld w . triangulation K
-

/ Then v ( ku,) is a
handlebody

-

WE ÷

/ Hg
so is V ( KY,)

3- simplices y
dual

triangulation



←
compact , connected ,

2--0

So
, every

closed , orientable MB admits a Heegaard splitting .

ie . M -

- Hg U Hg
4 : Egede

Note S3 = Hg U Hg standard .

Y :Eg9

Every 4 : Eg GE
is a composition of Dehn

twists Ti , up
to isotopy
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closed ,

oriented

Conclusion : Every 3-Wfld is
the result of It

- framed Dehn

Smgery on some
link L E S3

Lickerish - Wallace closed
,
orientable

{ framed links E 537 D.mn surgery yd
{ 3 - manifolds }
-
c--

diagrammatic moves [ Kirby
homers

[handle slides
+ blow up 1 down ]



3- manifolds bound 4 - manifolds [Rokhlin 1957
↳ simply conn . 4 - dim

Geometric proof : Integral surgery ⇒
Thandie addition
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Conclusion : Every M
's =3 (simply connected

W4 )



Questions
-

:

Q1:n ( M
's) : = min { n / M is the result of

Dehn surgery

on an
n - comp link

Ess
}

←
# normal generators

n (T 3) =3

Flower bounds from
rk ( Helm)) , weight ( IT , IM))

Best that we can do
: FM ,

rk ( Helu )) -- l
,
or O

,

it ,
wt --I

.

# normal gars
n (M) =L -

I

conjecture :(Diego Id) Every finite pines
. perfect gp has weightare

Q2-13=0

Given Ms , what kinds of 4 - nflds W have 2W -

- M ?

• restrict H* ?

• require low
bz ?

• aspherical ?



(smooth) 4 - manifolds
-

W
"

smooth ⇒ admit a Morse function ⇒ admits a handle

index k ng
u- dim

decomposition

critical
index k handle

pts DR xD
"- K

attached along
2 Dk xD

" -k

#IDKxD
" - k

without loss of generality ,
assume F single O- handle

I single n- handle



Dimension 4
-

O - handle : =
Do xD" = D.

4

Further handles are
attached on

2 D
"
= S3

2 handles attached along
215 x D2 = s

'

X D2

T
attached along ( framed

)
knots

.

[ Landen back -Poeuaru 1972] Every herueo of # 545 extends overR

G s
'

xD
's

→ in a closed 4 - manifold ,

7- unique way
to attach the 3h & 4h

Inaclosed 4 -Wyld , only need to explain
where the

th and 12h are attached
.



what are we looking at ?

+ I + I + I

= D2- bundle over = CPL
= S3 S2 with euler#
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Intersection form for closed 4wflds
-

Qw : H2 ( W
4
; Mb) x H2 (w ;

%)→ ML

(x , y )1-
(x* u y* , [w])

represent H2 classes by surfaces ,
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JE 8 = Poincare
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Sample problems
• Atomic surgery problems

-

Surgery works in dim
4 in TOP category

At

every
element in a certain family of

links is freely slice

• •
•

•

LES?f freely slice
"

'

WHY m

it comp) E Fn .€€€
BY

heh (Bing (Hopf ))



LESS slice ⇐ 53cL) bounds a 4- wyld
T (+ certain properties)

• •
• Zero surgery

⑧•

on each comp

of L

134



• Triangulation conjecture
: Is every

M
"

how to a simplicial
A : No ( n -- 4 Freedman ,

was complex ?
1982 Manolescu 2013)

fun :=@ynonPeirtedlHxtCYEHxtCsnH1rq.oeyom.H )
[Kervaine 1969] OWN = O tint 3

Define µ : EY→ 742 Rokhlin invariant

Y 1-7 0¥) ,
w compact , spin ,

smooth ,
2W -- Y -

Mb

e.g .

P = 2E 8 ⇒ µ (P ) =L ⇒ -03 to

Hn
n

[Galuwski - Stern ,
Matumob 1980] Every M can be triangulated

iff

F H3E 073 with µ ( H ) -- I and H # H = 2 (acyclic PL 4
-Wfld)



Questions ?


