
A norm bound for 1D local matrices

Let (Mj : j ∈ Z) be a family of finite-dimensional Hilbert spaces such that Mj = 0 for
sufficiently large j (positive and negative). Thus, the total space M :=

⊕
jMj is also finite-

dimensional. An arbitrary operator X onM is described by its matrix elements Xjk : Mk →Mj.
We call X local (more exactly, 1-local) if

Xjk = 0 if |j − k| > 1. (1)

Let Πj be the projector onto the subspace Mj ⊆M and let

M[j,k] =
k⊕
s=j

Ms, Π[j,k] =
k∑
s=j

Πs. (2)

Lemma 1. Suppose that, for a given n, the following condition holds:

‖Π[j,j+n]XΠ[j,j+n]‖ 6 1 for all j. (3)

Then ‖X‖ 6 1 +O(n−2).

Proof. Let us choose some real numbers ck : k ∈ Z such that

a) ck = 0 unless k ∈ {0, . . . , n};

b)
∑

k c
2
k = 1;

c)
∑

k(ck − ck+1)
2 = O(n−2).

For example, ck =
√

2
n+2

sin π(k+1)
n+2

if 0 6 k 6 n and ck = 0 otherwise. Define the operators

Vj =
∑
k

ckΠj+k, Y =
∑
j

VjXVj. (4)

Condition (b) on the coefficients ck implies that
∑

j V
2
j = 1. Furthermore,

X − Y =
∑
s

(
1−

∑
k

ckck+s

)(∑
j

ΠjXΠj+s

)
=

1

2

(∑
k

(ck − ck+1)
2

)(∑
j

ΠjXΠj+1 +
∑
j

Πj+1XΠj

)
.

(5)

It is clear that
∥∥∑

j ΠjXΠj+1

∥∥ 6 maxj ‖Xj,j+1‖ 6 maxj ‖Π[j,j+1]XΠ[j,j+1]‖ 6 1. Thus,

‖X − Y ‖ 6 O(n−2). (6)

We now show that ‖Y ‖ 6 1. For this purpose, the hypothesis of the lemma can be reformulated
as follows: ∣∣〈η|X|ξ〉∣∣ 6 ∥∥|η〉∥∥ · ∥∥|ξ〉∥∥ for all j and all |η〉, |ξ〉 ∈ M[j,j+n]. (7)
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If |η〉, |ξ〉 ∈ M are arbitrary unit vectors, then∣∣〈η|Y |ξ〉∣∣ 6∑
j

∣∣〈η|VjXVj|ξ〉∣∣ (8)

6
∑
j

∥∥Vj|η〉∥∥ · ∥∥Vj|ξ〉∥∥ (due to (7)) (9)

6
√∑

j

∥∥Vj|η〉∥∥2√∑j

∥∥Vj|ξ〉∥∥2 (by Cauchy-Schwarz) (10)

=
√∑

j〈η|V 2
j |η〉

√∑
j〈ξ|V 2

j |ξ〉 = 1. (11)

The inequalities ‖X − Y ‖ 6 O(n−2) and ‖Y ‖ 6 1 together imply that ‖X‖ 6 1 +O(n−2).
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