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Introduction

The first version of this work came from a lecture course in noncommutative algebraic
geometry and related (views on) homological algebra and, in particular, K-theory, which
was given at Kansas State University during the Spring of 2006. It was the half of cen-
tury anniversary of the appearance of Cartan-Eilenberg book and forty nine years after
Grothendieck’s Tohoku lectures which based homological algebra on abelian categories.

It seemed timely to look at homological functors from the classical point of view,
but, in a very different, much more general, setting: abelian categories were replaced
by right exact categories. The latter are Grothendieck presites whose covers are strict
epimorphisms. The dual structures, left exact categories, appear naturally and play a
crucial role in a version of K-theory sketched in Chapters V and VI of this work.

It is worth to mention that the starting point of the actual lectures (which is behind
the scene in this manuscript) was the homological algebra of exact categories as it is viewed
by Keller and Vossieck [KeV]. Besides an optimization of the Quillen’s definition of an exact
category, they observed that the stable categories of exact categories with enough injective
objects have a suspension functor and triangles whose properties give a ’one-sided’ version
of Verdier’s triangulated category, which they call a suspended category. A short exposition
of this topic is given in Appendix K.

The next opportunity to look at the subject was preparing my lectures (and especially
their extended notes several months later) at the School on Algebraic K-Theory and Ap-
plications which took place at the International Center for Theoretical Physics (ICTP) in
Trieste during the last two weeks of May of 2007 (see [R2], or [R3]).

A detailed exposition of the homological algebra and K-theory part (— the last three
lectures) of [R2] can be found in [R5].

The present text is a considerable refinement of [R5]. It is based on lecture courses on
homological algebra and K-theory given at Kansas State University in the Spring of 2009
and in the Fall of 2010.

In Chapter I, we introduce right eract (not necessarily additive) categories and sketch
their basic properties. In particular, we define Karoubian right exact categories and prove
the existence of Karoubian envelopes. We introduce the notion of a kernel of a morphism
in a category with initial objects and study the elementary properties of kernels, which are
well known in the abelian case. The properties of kernels are used then for studying right
exact categories with initial objects. In the last sections, we look at exact categories. We
observe, among other things, that any k-linear right exact category is canonically realized
as a subcategory of an exact k-linear category — its exact envelope.

Chapter II is dedicated mostly to homological functors on right exact categories,
otherwise called left satellites, or universal O*-functors. Its content might be regarded as
a non-abelian and non-additive (that is not necessarily abelian or additive) version of the
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classical theory of homological functors. We start with preliminaries on trivial morphisms,
pointed objects and complexes. Then we introduce 0*-functors, and prove the existence
of (by producing a formula for) left derived functors of any functor from any right exact
category to a category with kernels of morphisms and limits of filtered diagrams. We look
at contravariant functoriality of universal 9*-functors. One of its applications is replacing
the computation of universal 0*-functors from a right exact category by computation of
universal 0*-functors from the category of non-trivial sheaves of sets on it endowed with the
canonical right exact structure formed by epimorphisms. The k-linear version of this fact
replaces computation of universal k-linear 9*-functors from a k-linear right exact category
by the computation of the corresponding 9*-functors from the canonically associated k-
linear Grothendieck category. We consider the dual notion — 0-functors, and introduce
the higher Exts. We establish ’exactness’ of 0*-functors whose zero component is right
semi-exact’ and the target right exact category satisfies an analog of the Grothendieck’s
(AB5*) property. Then we consider the category of universal d*-functors from a right
exact category with values in categories with initial objects and prove that this category
has an initial object, which is the 0*-functor Fxt®. We establish a similar fact in k-linear
setting. We show that the initial universal 0*-functor Fxt® is also an initial object for
the (appropriately defined) category of universal ’exact’ functors from a fixed right exact
category. We conclude the chapter with a short discussion of relative satellites.

We start Chapter III with studying projective objects of a right exact category and
right exact categories with enough projective objects. We observe that projective objects
are compatible with the contravariant functoriality of universal 0*-functors discussed in
Chapter II. In particular, the canonical embedding of a right exact category into the
category of non-trivial sheaves of sets on it maps projective objects to projective objects;
and if the right exact category has enough projective objects, same holds for the category of
sheaves of sets. Projective objects play approximately the same role as in the classical case:
higher components of every universal 0*-functor annihilate pointed (— having morphisms
to initial objects) projective objects; and if the right exact category has enough projective
objects, then every ’exact’ 9*-functor which annihilates all projective objects is universal.

Analyzing the structure of universal cohomological functors and results of Chapter 11
leads to an observation that the information on all universal functors from a given left exact
category (C'x,Jx) is encoded in a canonical structure of a Z.-category on the category
of non-trivial presheaves of sets on C'y (induced by the functor Ext!) and the category of
standard triangles related with conflations of the left exact category (Cx,Jx). We apply
the obtained structure to producing formulas for satellites of composition of functors.

Then we look at computational aspects of satellites of functors F' from left exact
categories such that their domain has enough F-acyclic objects. We introduce F-acyclic
resolution, cohomology of complexes, and show that if the functor F' is weakly left ’exact’
and maps inflations with trivial cokernels to isomorphisms, then its satellites are isomorphic
to cohomologies of the images of acyclic resolutions, similarly to the classical, abelian, case.

We return to studying the structure of cohomological functors and define prestable
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and stable categories of a left exact category. Turning the properties of prestable and
stable categories into axioms, we introduce the notions of presuspended and quasi-suspended
categories. We conclude with definition of homology of ’spaces’ with coefficients in a right
exact category and the homotopy groups of pointed ’spaces’.

Starting from Chapter IV, a noncommutative geometric flavor (introduced by passing
in Chapter 1) becomes a permanent part of the picture: we interpret svelte right exact
categories as dual objects to (noncommutative) right exact ’spaces’ and ’exact’ functors
between them as inverse image functors of morphisms of ’spaces’. After introducing and
studying certain canonical left exact structures on the category |Cat|® of ’spaces’ repre-
sented by categories, we define a family of canonical left exact structures on the category
of right exact ’spaces’ and their ’exact’ morphisms (that is morphisms whose inverse im-
age functors are 'exact’). We show that each of these canonical left exact structures has
enough injective objects by producing natural inflations from any right exact ’space’ into
an associated with it injective. We explain the k-linear version of these facts with some
ramifications. In particular, we prove the existence of enough injective objects and use this
to establish a similar fact for the full subcategory of the category of right exact k-’spaces’
formed by ’spaces’ represented by Karoubian categories and for the left exact category of
exact k-’spaces’ (that is ’spaces’ represented by exact k-linear categories). We conclude
with a couple of miscellaneous complements: introducing the path ’space’ of a right exact
‘space’ and a short discussion of localizations of right exact ’spaces’.

Chapter V is dedicated to the first applications: the universal K-theory of right exact
‘spaces’. We define a contravariant functor Ky from the category of right exact ’spaces’ to
the category of abelian groups and prove that K is right ’exact’ with respect to a certain
canonical left exact structure on the category of right exact ’spaces’.

The category of right exact ’spaces’ does not have final objects; so that we cannot
apply the formalism of cohomological functors developed in Chapters II. A natural way to
acquire final objects is to consider the category of right exact 'spaces’ over a ’space’. We
do this defining the relative Ky-functors and their derived functors with respect to a left
exact structure on the category of right exact ’spaces’ over a right exact ’space’.

Most of the chapter is dedicated to the case of ’spaces’ over the 'point’ — the category
Espy of right exact 'spaces’ over the standard initial object = represented by the category
with one morphism. The ’space’ x is interpreted as the affine scheme associated with the
"field” F;. So that Esp; can be regarded as the category of right exact ’spaces’ over [F;.
It is endowed with a canonical left exact structure. The left exact category Esp; is used
as a device for producing higher K-theories on other left exact categories. Namely, every
functor from a left exact category (Cs,Js) (having final objects) to Espy which preserves
conflations gives rise to an ’exact’ higher K-theory on the left exact category (Cs,Jg).
We apply this consideration to obtain the universal K-theory of (’spaces’ represented by)
svelte abelian categories and the universal K-theory of k-linear exact categories.

Then we start creating the standard tools of higher K-theory which generalize the
corresponding facts of Quillen’s K-theory: reduction by resolution and characteristic filtra-
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tions and sequences. We conclude the chapter with extending the Quillen’s Q-construction
to right exact categories with initial objects.

In Chapter VI, we introduce topologizing subcategories of a right exact ’space’, their
infinitesimal neighborhoods, and the (left exact) category of relative right exact ’spaces’.
We establish some general facts about devissage of higher images of functors and then, as
an application, obtain the devissage theorem in higher K-theory.

The next several sections appear under the general title “complementary facts”. We
start with some examples of kernels and cokernels and simple general constructions and ob-
servations, which acquire importance somewhere in the text. Then we spend some effort on
expanding standard facts on diagram chasing to right exact categories. Then follow some
facts on localizations of exact and (co)suspended categories. In particular, t-structures
of (co)suspended categories appear on the scene. Again, a work by Keller and Vossieck,
[KV1], suggested the notions. We consider cohomological functors on suspended categories
with values in exact categories and prove the existence of a universal cohomological functor.
The construction of the universal functor gives, among other consequences, an equivalence
between the bicategory of Karoubian suspended svelte categories with triangle functors as
1-morphisms and the bicategory of exact svelte Z -categories with enough injective objects
whose 1-morphisms are ’exact’ functors. We show that if the suspended category is trian-
gulated, then the universal cohomological functor takes values in an abelian category, and
our construction recovers the abelianization of triangulated categories by Verdier [Ve2]. It
is also observed that the triangulation of suspended categories induces an abelianization
of the corresponding exact Z,-categories. We conclude with a discussion of homological
dimension and resolutions of suspended categories and exact categories with enough injec-
tive objects. These resolutions suggest that the 'right’ objects to consider from the very
beginning are exact (resp. abelian) and (co)suspended (resp. triangulated) Z} -categories.
All the previously discussed facts (including the content of Appendix K) extend easily to
this setting. We define the weak costable category of a right exact category as the local-
ization of the right exact category at a certain class of arrows related with its projective
objects. If the right exact category in question is exact, then its costable category is iso-
morphic to the costable category in the conventional sense. If a right exact category has
enough pointable object (in which case all its projective objects are pointable), then its
weak costable category is naturally equivalent to the costable category of this right exact
category introduced in Chapter 4. We study right exact categories of modules over monads
and associated stable and costable categories. The general constructions acquire here a
concrete shape. We introduce the notion of a Frobenius monad. The category of modules
over a Frobenius monad is a Frobenius category, hence its stable category is triangulated.
We consider the case of modules over an augmented monad, which includes, as special
cases, most of standard homological algebra based on complexes and their homotopy and
derived categories.

The main purpose of Chapter VII is to extend basic notions and constructions of
homological algebra to arbitrary right and left exact categories. This means that we do



not require a priori the existence of initial (resp. final) objects in our right (resp. left)
exact categories, or in the categories, in which (co)homological functors take their values.

We start with a natural definition of kernels of arrows in an arbitrary category and
show that the main properties of kernels summarized in Chapter I hold in the general
setting. In order to acquire flexibility, we introduce the notion of a wvirtual kernel, which
is a morphism of presheaves of sets. The virtual kernel is a kernel iff this morphism is
representable. It turns out that the existence of morphisms with non-trivial virtual kernels
(which is a necessary condition of non-triviality of our version of homological algebra)
imposes a very precise choice of categories: they should be wvirtually semi-complete, which
means, by definition, that each connected component has pointed objects, or what is the
same, morphisms from constant functors to the identical functor. We introduce 0*-functors
from a right exact category to an arbitrary category, define universal 0*-functors (otherwise
called right derived functors of their zero component) in a standard way (that is by a
universal property) and constructively prove their existence (i.e. write a formula) in the
case when the target category has pull-backs and limits of filtered diagrams. By duality,
we obtain O-functors from a left exact category to an arbitrary category and universal
O-functors, otherwise called left derived functors. We consider the category of universal
O*-functors from a given right exact category taking values in virtually semi-complete
categories and establish the existence of an initial object of this category — the functor
FExt®, in the case when the right exact category in question is virtually semi-complete.
Following the scenario of Chapter III, we define the stable category of the category of
presheaves of sets associated with a virtually semi-complete left exact category and define
prestable and stable categories of a left (or right) exact category. We give a brief account
on ’exactness’ properties of derived functors and, generalizing and using the corresponding
fact of Chapter II, show that, under certain condition on the target right exact category,
‘exact’ 0*-functors are universal. We conclude with a couple of examples-applications:
homology of ’spaces’ with coefficients in arbitrary right exact category, and the “absolute”
higher K-theory of arbitrary right exact ’spaces’, which gives rise to absolute K-theories
of arbitrary left exact categories over the left exact category of right exact ’spaces’.

Appendix K (where 'K’ stands for Bernhard Keller) is dedicated mostly to suspended
categories of exact k-linear categories.

Acknowledgements. A large part of this manuscript was written during my visiting
Max Planck Institut fiir Mathematik in Bonn and IHES. I would like to express my grati-
tude to both Institutes for hospitality and excellent working conditions.

I thank Eric Bunch for indicating a number of typos in the text.



Chapter 1

Right Exact Categories.

In Section 1, we introduce right exact categories and different classes of functors
between them defined by different ’exactness’ properties. Svelte right exact categories
are regarded as representatives of right exact ’spaces’ and functors between right exact
categories are interpreted as inverse image functors of morphisms of right exact ’spaces’.
In Section 2, we discuss the canonical embedding of a right exact category into the right
exact category of sheaves of sets on it and the k-linear version of this embedding. In Section
3, we introduce Karoubian (not necessarily additive) categories and Karoubian right exact
categories. We prove that every category has Karoubian envelope and show that same
holds for right exact categories. In Section 4, we introduce the notions of kernels and
coimages of morphisms in categories with initial objects (dually, the notions of cokernels
and images of morphisms in categories with final objects) and study their basic properties
which are used through the whole work (and beyond) starting from Section 5, where we
discuss shortly right exact categories with initial objects. Every deflation of a right exact
category with an initial object has a kernel, which allows to introduce analogs of short
exact sequences, which we call (extending Gabriel’s terminology) conflations. Conflations
are interpreted as extensions, which prompts definition of fully exact subcategories of a
right exact category as its full subcategories closed under extensions. In Section 7, we
recover the main properties of exact k-linear categories complementing already obtained
facts on right exact categories. Section 8 discusses some complements on exact categories.

1. Right exact categories and (right) ’exact’ functors.

1.1. Right exact categories. We define a right ezact category as a pair (Cx, €x),
where Cx is a category and €x is a pretopology on C'x whose covers are strict epimor-
phisms; that is, for any element M — L of €x (- a cover), the diagram

51
Ko(s) — 2 M —— L

52

is exact. Here Ky(s) = M x M of M — L is the kernel pair of the morphism M — L

5

1
and K2(s) — M the canonical projections — pull-backs of M — L along itself.
52
This exactness of the diagram means precisely that the pretopology €x is subcanon-

ical; i.e. every representable presheaf of sets on C'x is a sheaf on (Cx, €x).
We call the elements of €x deflations and assume that all isomorphisms are deflations.
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1.2. The coarsest and the finest right exact structures. The coarsest right ex-
act structure on a category C'x is the discrete pretopology: the class of deflations coincides
with the class Iso(Cx) of all isomorphisms of the category Cx.

1.2.1. The canonical right exact structure. Right exact structures on a category
Cx form a filtered family: if {&; | i € I} is a set of right exact structures, then all possible
compositions of arrows from &;, ¢ € I, form a right exact structure which we denote by

sup €;. This is the coarsest common refinement of all right exact structures &;, i € I.
il

In particular, it follows that the union of all right exact structures on the category
Cx is a right exact structure, which we call canonical and denote by &5.

The canonical right exact structure can be described directly as follows.

1.2.2. Proposition. The canonical right exact structure €% on the category Cx
consists of universally strict epimorphisms; that is morphisms whose arbitrary pull-backs
(in particular, themselves) exist and are strict epimorphisms.

Proof. (i) Let L by Ly and Lo -2 L3 be strict epimorphisms whose pull-backs
. . . ) ) . . o j20j
along strict epimorphisms are strict epimorphisms. Then their composition, £; = L3,
is a strict epimorphism.
taot

The kernel pair of the composition L4 = L3 is naturally decomposed into the

diagram
t// t/2/

’CQ({Q e} fl) —1> Klg e ,Cl
Ell cart pll cart l 191
Ko — Koly) — (1)
12 2(12 2
52l cart 7r2l cart l to
L, L, 2o

whose all squares are cartesian.

For any morphism M Y , let A°(f) denote the class of all pairs of arrows
YV —X M which are equalized by the morphism f.

Let £; —>V bea morphism such that A°(tz o t;) C A°(&). In particular, A°(t;) C

A°(§). The latter implies that £ = & oty for a uniquely defined morphism £ S Y. The
inclusion A°(ty0t;) C A°(§) = A°(& oty) implies (actually, means) that

§rotio(propr) =& otyo(tyoty).
It follows from the commutativity of the diagram (1) that

&otio(paopr)=(&1opa)o(prot]) and
Eiotio(tyot]) = (&1ot) o (prot]).
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So that
(Eropa)o(prot]) = (&1oty)o(prot]). (2)

Since p; and t] are (strict) epimorphisms, their composition p; o t] is an epimorphism.
Therefore, it follows from the equality (2) that & ops = & ot},. By hypothesis, t; is a strict

t

epimorphism, that is the cokernel of the pair of arrows Ka(t2) :;2 Lo (see the lower right
P2

square of the diagram (1)). Therefore, §&; = &5 o t5 for a unique morphism Lo Ly,

(ii) Since a pull-back of a composition of morphisms having pull-backs is the composi-
tion of pull-backs, it follows from (i) that the composition of universal strict epimorphisms
is a strict epimorphism. m

1.3. Special cases and examples.

1.3.1. Abelian categories and toposes. If C'x is an abelian category or a topos,
or a category dual to a topos. Then the canonical right exact structure &5 consists of all
epimorphisms of the category C'x.

1.3.2. Quasi-abelian categories. A quasi-abelian category is an additive category
C'x with kernels and cokernels and such that every pullback of a strict epimorphism is a
strict epimorphism, and every pushout of a strict monomorphism is a strict monomorphism.

It follows from the definition that if C'x is a quasi-abelian category, then €% consists
of all strict epimorphisms.

Notice that abelian categories can be described as quasi-abelian categories in which
every epimorphism is strict.

1.3.3. Example. Let Cx be the category Algy of associative unital k-algebras.
The category Alg, has arbitrary limits; in particular, it has fiber products. Therefore,
the finest right exact structure, €%, consists of all strict epimorphisms. The latter are
precisely surjective morphisms of algebras.

1.4. Right ’exact’ and ’exact’ functors. Let (Cx,€x) and (Cy, &y) be right
exact categories. A functor Cyx N Cy will be called right ’exact’ (resp. ’exact’) if it
maps deflations to deflations and for any deflation M — N of €x and any morphism
N L> N, the canonical arrow

F(N xn M) —— F(N) xp(ny F(M)

is a deflation (resp. an isomorphism). Thus, the functor F is ’exact’ if it maps deflations
to deflations and preserves pull-backs of deflations.

1.5. Weakly right ’exact’ and weakly ’exact’ functors. A functor Cx N Cy
is called weakly right ’exact’ (resp. weakly ’exact’) if it maps deflations to deflations and
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for any arrow M — N of €x, the canonical morphism
F(M XNM) —)F(M) XF(N) F(M)

is a deflation (resp. an isomorphism). In particular, weakly ’exact’ functors are weakly
right ’exact’.

1.5.1. Note. Of coarse, ’exact’ (resp. right ’exact’) functors are weakly ’exact’
(resp. weakly right ’exact’). In the additive (actually, a more general) case, weakly ’exact’
functors are ’exact’ (see 2.5 and 2.5.2).

1.6. Interpretation: ’spaces’ represented by right exact categories. We
consider the category €spl® whose objects are pairs (X, €x), where (Cx, €x) is a svelte
right exact category. A morphism from (X,&x) to (Y, €y) is a morphism of ’spaces’

X 23 Y whose inverse image functor Cy RN/ x is a right weakly ’exact’ functor from
(Cy, €y) to (Cx, Ex). We denote by Esp, the subcategory of the category Espl® formed by
right exact ’spaces’ and ‘exact’ morphisms, which is the name used for morphisms having
‘exact’ inverse image functors.

The map which assigns to every ’space’ X the pair (X, Iso(Cx)) is a full embedding
of the category |Cat|® of ’spaces’ into the category €sp”. This full embedding is a right
adjoint functor to the forgetful functor

Esp® s |Cat]°, (X, Ex)— X.

2. The canonical embedding.
2.0. Preliminaries: functors, (pre)sheaves of sets, and continuous functors.
2.0.1. Notations and conventions.

2.0.1.1. Non-trivial presheaves of sets. Let Cx be a svelte category.

We denote by 0, or Qx, the trivial presheaf of sets on Cx; that is the presheaf which
maps all objects of C'x to the empty set. The presheaf ()x is the unique initial object of
the category C'y of presheaves of sets on Cx.

We denote by C% the full subcategory of the category C% formed by all non-trivial
presheaves of sets; that is we exclude the trivial presheaf () x.

The category C% has a final object, which is the constant presheaf with values in a
one-element set. In particular, it is a final object of the category C%. If the category Cx
has a final object, y, then § = Cx(—,y) is a final object of the category C%.

Notice that the coproduct of any set of non-trivial presheaves of sets is a non-trivial
presheaf; and the cokernel of a pair of arrows F X G between non-trivial presheaves is
a non-trivial presheaf too (which follows from the corresponding fact for non-empty sets).
Therefore, the category C'% has colimits of arbitrary small diagrams.
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2.0.1.2. Let 7 be a (pre)topology on a svelte category Cx. We denote by (Cx,7)"
the category of all sheaves of sets on the (pre)site (Cx, 7).

2.0.1.3. We denote by C'x, the full subcategory of (Cx,7)" generated by non-trivial
sheaves; that is Cx_ = (Cx,7)"NC%.

If (Cx, €x) is aright exact category, then we usually denote the category of non-trivial
sheaves of sets on (Cx, €x) by Cx, instead of Cxe, -

2.0.1.4. Conventions. Recall that a category is called cocomplete if it has colimits
and initial objects. The latter are sometimes interpreted as colimits of the empty diagram.
When we say that a category has colimits, this is not the same as a cocomplete category —
only colimits of non-empty diagrams are considered. Thus, the category C% of non-trivial
presheaves of sets on a category C'x has colimits, but, it does not have initial objects.

A similar convention in the dual setting: categories with limits are categories with
limits of non-empty small diagrams. complete categories are categories with limits and
final objects (interpreted as limits of the empty diagram).

We need a slightly more elaborate version of the canonical extension of functors onto
the category of presheaves of sets [GZ, 11.1.3], which is as follows.

2.0.2. Proposition. Let Cx be a svelte category and Cy a category with colimits.

(a) The functor of the composition with the Yoneda embedding Cx h—X> Cx,

*

Hom(C%L,Cy) —— Hom(Cx,Cy), Gr— Gohk, (1)

has a fully faithful left adjoint,

hx
Hom(C’X,C'y) —_— 'HOTTL(C;(,Cy). (2)

The functor ?LXg establishes an equivalence between the category Hom(Cx,Cy)
of functors from Cx to Cy and the full subcategory $Hom(C%,Cy) of the category

Hom(C%,Cy) generated by all functors C% — Cy preserving colimits.
(b) Suppose that the category Cx has an initial object r. Let C2 € F\C% =T\C%
h®
and Cx SN C')@? the canonical fully faithful functor induced by Yoneda embedding.
The following conditions are equivalent:
(b1) There exists a continuous (i.e. having a right adjoint) functor from C% to Cy.
(b2) The category Cy has initial objects.

If the equivalent conditions (b1), (b2) hold, then the functor

e

Hom(CZ,Cy) —— Hom(Cx,Cy), G+ Goh¥, (3)
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establishes an equivalence between the full subcategory Hom®(Cx,Cy) of the category
Hom(Cx,Cy) generated by functors mapping initial objects to initial objects and the full
subcategory Hom (CY,Cy) of the category Hom(C%,Cy) generated by all continuous
functors C’)@? — Cy.

(c) Suppose that the category Cy has initial objects (i.e. it is cocomplete). Then the

unctor of the composition with the Yoneda embedding Cx hx, o
g b'e

hx
Hom(C’é},C’y) —_— Hom(ox,Cy), Gl—)Gohx,

establishes an equivalence between the category Hom(Cx,Cy) of functors from Cx to
Cy and the full subcategory Hom (C%,Cy) of the category Hom(C%,Cy) generated by
all continuous functors C% — Cy.

(c1) If the category Cy is cocomplete, then a functor C% — Cy is continuous iff it
preserves colimits of all small diagrams (including the empty diagram: i.e. it maps initial
objects to initial objects).

(c2) Let Cx and Cy be categories with final objects and Hom(Cx,Cy)® the full sub-
category of the category Hom(Cx,Cy) generated by functors mapping final objects to final
objects. The functor G —— Gohx induces an equivalence of the category Hom(Cx,Cy)®
and the full subcategory

Hom(C}, Cy)® € Hom(C}, Cy)® (| Hom(CR, Cy)

of the category Hom(C%,Cy) generated by continuous functors mapping final objects to
final objects.

Proof. (a) For every functor Cx N Cy, we denote by F° the functor C5, — Cly,
which assigns to every non-trivial presheaf of sets G on C'x the colimit of the composition
of the forgetful functor h% /G — Cx and the functor Cx £, Cy.

The map F +—— F° extends to a functor

hxt
Hom(Cx,Cy) —— Hom(C%,Cy)

which is left adjoint to the functor (1).

It follows from this definition that the composition of the functor F* with Yoneda
embedding coincides with the functor F'. This means that one of the adjunction morphisms
is an isomorphism, which implies that the functor (1) is a localization its left adjoint,
F —— F*, is fully faithful. The functor F'® preserves colimits, because every presheaf of
sets G is isomorphic to the colimit of the composition of the forgetful functor h% /G — Cx

h*
with the Yoneda embedding Cx —> C%. This also implies that if C% 3, Cy is a
functor preserving colimits, then the natural morphism (Foh% )® — § is an isomorphism.
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All together shows that the fully faithful functor F —— F° induces an equivalence
between the category Hom(Cx,Cy) and the full subcategory $Hom(C%,Cy) of the
category Hom(C%,Cy) generated by all functors C% — Cy preserving colimits.

(b) The full subcategory Hom (C%,Cy) of the category Hom(C%,Cy) generated
by continuous functors is contained in the subcategory ﬁom(C’g’?, Cy), because continuous
functors preserve colimits.

(b1)=(b2). If the category C'x has an initial object, r, then (f = Cx(—,1),id,) is an
initial object of the category C')@?. Continuous functors map initial objects to initial objects.
So that if there exist continuous functors from C)@g to Cy, then the category Cy has initial
objects.

(b2)=(b1). Let the category Cy have initial objects, and let Cx L, Cy be a functor

which maps initial objects to initial objects. We denote by Cy ELN C')G? the functor
which maps every object £ of the category Cy to the pair (Cy (F(—),L),(c), where (¢

F—a?f
is the composition of the morphism 7 = Cx(—,r) —— Cy(F(—),F(r)) and the map
Cy(F(—),F(r)) — Cy(F(—),L) corresponding to the unique morphism F'(r) — L.
One can see that the functor Fj is a right adjoint to the composition of the forgetful

functor C% AN C% and the functor C% L Cy constructed in (a) above.
In fact, for every £ € ObCy, the object F°f,Fs(L) is the colimit of the composition
of the forgetful functor hx /f«F,(L) — Cx and the functor F. Objects of the category

hx [§«Fo(L) are pairs (V, V5 f«Fo(L)) By Yoneda Lemma, morphisms v -5 fu b (L)
are in a natural bijective correspondence with elements of f,F,(L£)(V) = Cy(F(V),L).
this correspondence assigns to the category hx/f.Fo(L) a cone

o~

F(V) —5 £, (V.€) € Obhx /5. Fs (L),

from the composition the forgetful functor hx /f.F,(L) — Cx and the functor F' to L.

This cone determines a morphism F°f,F,(L) i L which is the value at £ of the
adjunction arrow (F°f,)F, —— Idc, .

The other adjunction arrow, [ dc)@? s F,F°f,, is defined as follows.

Notice that it suffices to define the values of the adjunction arrow n on representable

~

~ )
presheaves, V —— F,F°(V) = Cy(F(—),F(V)). The obvious canonical choice is the

morphism corresponding to the identical morphism F (V) — F(V). This choice, indeed,
defines the second adjunction arrow.

This shows that, for every functor C'x N Cy which maps initial objects to initial
objects, the functor §.F® is continuous. It follows from (a) that the restriction of the
functor F'—— F° to functors preserving initial objects defines an equivalence between the
full subcategory Hom®(Cx,Cy) of the category Hom(Cx,Cy) generated by functors
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mapping initial objects to initial objects and the full subcategory Homc(C’g?, Cy) of the
category Hom(C%,Cy) generated by all continuous functors C% — Cy.

The category Hom®(Cx,Cy) has an initial object — the constant functor, which
maps all morphisms of the category Cx to the identical morphism of an initial object of
the category Cy. In particular, the category Hom.(C%,Cy) of continuous functors from
C% to Cy is not empty.

(c) Suppose that the category Cy has an initial object . To every functor C'x N Cy,

we assign a functor C% £, Cy whose restriction to the subcategory C'% of non-trivial
functors coincides with the functor F*° defined in (a) and which maps the trivial functor
() (- the initial object of the category C%) to the initial object y. The functor F, which
maps every object £ of the category Cy to the presheaf of sets Cy (F(—), L) is a right
adjoint to the functor F*. The argument is the same as in the proof of (b2)=-(b1l).

(c1) The fact follows from the argument of (b2)=-(b1).

(c2) This follows from the fact that Yoneda embedding maps final objects to final
objects. Details are left to the reader. m

2.0.3. Corollary. Let C'x and Cy be svelte categories.

(a) There is an equivalence of categories between the category Hom(Cx,Cy) of func-
tors from C'x to Cy and the full subcategory $Hom(C%,C5) of the category Hom(C%,Cy)
generated by all functors C% — C5  which preserve colimits and map representable
presheaves to representable presheaves.

(b) Suppose that the categories Cx and Cy have initial objects. Then the functor (1)
establishes an equivalence between the full subcategory Hom®(Cx,Cy) of the category
Hom(Cx,Cy) generated by functors mapping initial objects to initial objects and the full
subcategory Hom(CY,C¥) of the category Hom(C%,CY) generated by all continuous
functors C’g’? — 6’3@ which map representable presheaves to representable presheaves.

Proof. (a) The equivalence in question is the functor

Hom(Cx,Cy) —— $Hom(Ck, Cy )

which assigns to every functor C'x N Cy a functor C% RN Cy  which preserves
colimits and is determined uniquely up to isomorphism by commutativity of the diagram

ni
Cx —— C%

F l l F (1)
oy o

This fact follows from (the argument of) 2.0.2(a) applied to the composition of the

h
functor Cx £, Cy with the Yoneda embedding Cy —> C%. In the notations of the
argument of 2.0.2, the functor F* coincides with (F o h%)°.
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h@
(b) If the category C'x has initial objects, then the Yoneda embedding Cyx — C')@?.
maps initial objects to initial objects. So that if C'xy and Cy have initial objects, than the

h®
composition F +— h}@ o F' with the Yoneda embedding Cy —> C’i@ is a functor from
Hom®(Cx,Cy) to Hom®(Cx,CY). It follows from (the argument of) 2.0.2(b) that the

map F+—— F® def (h® o F)° of. gives the claimed equivalence. m

2.0.4. The categories of functors and subcanonical topologies. Let 7 be a
pretopology on a svelte category C'x. The sheafification functor C% — (Cx,7)" maps
non-trivial presheaves of sets to non-trivial sheaves of sets. Therefore, it induces an exact

localization functor C% A c x. which has a right adjoint, Cx_ =% C%.

2.0.4.1. For any category Cy, this pair of adjoint functors induces a pair of adjoint
functors

*

Hom(C%,Cy) —s Hom(Cx.,Cy), G r— G ogre, o

Hom(Cx.,Cy) —— Hom(C%,Cy), Fr Foq,

with adjunction morphisms induced by the adjunction morphisms for the pair (g%, ¢ ).
In particular, the adjunction morphism g} o qr« — Idyom(cx. ,cy) 1S an isomorphism,

which means that the functor Hom(Cx_,Cy) RIS Hom(C%,Cy) is fully faithful, or,

qr
equivalently, Hom(C%,Cy) —— Hom(Cx,,Cy) is a localization functor.

2.0.4.2. It follows that the functor Hom(Cx_,Cy) RIS Hom(C%,Cy) establishes
an equivalence between the category Hom(Cx,,Cy) and the full subcategory of the

category Hom(C%,Cy) generated by all functors C% N Cy such that the canonical
morphism G — G o (q-.q¥) is an isomorphism.

2.0.4.3. Suppose that Cy is a category with colimits. Then it follows from (the proof
of) 2.0.2 that the functor

*

Hom(C%,Cy) —— Hom(Cx,Cy), Gr— Gohk, (2)

has a fully faithful left adjoint

hx
Hom(Cx,Cy) —— Hom(C%,Cy), Fr— F°. (3)

Taking the composition with the corresponding functors of 2.0.4.1(1), we obtain a pair
of adjoint functors
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T ok

Hom(Cx,Cy) —s Hom(Cx.,Cy) (4)
Hom(Cx.,Cy) —— Hom(Cx,Cy) (5)

2.0.4.4. The case of a subcanonical pretopology. One can see that a pretopology
7 on the category Cx is subcanonical iff the functor 2.0.4.3(4) is fully faithful. It follows
from 2.0.4.2 that, in this case, the functor (4) establishes an equivalence between the
category Hom(Cx,Cy) of functors from Cx to Cy and the full subcategory of the category

Hom(Cx_,Cy) generated by all functors Cx_ 2, Cy such that the canonical morphism
(Fod) otdr — F

(— the composition of ((Foqf)® — Foq%)q,. and the isomorphism F o qiq,. — F)

is an isomorphism.

2.0.5. Sheafification functors and initial objects. Let C'x be a svelte category
with an initial object r. Notice that the representable presheaf ¥ = Cx(—,r) is a sheaf for
any pretopology 7. We denote by Cye the category T\Cx, =7\(Cx,7)" and by

:®

ix .
Cx ——=8\Cx, =Cyo (6)

the composition of the canonical embedding

@

he
Cx ——1\Cx =1\Cx

and the functor

qar
N\Cx =1\Cy —— T\(Cx,7)" =71\Cx,

*

a;
induced by the sheafification functor C% —— Cx_.
The functor (6) maps initial objects to initial objects.

2.0.5.1. Subcanonical pretopologies. It follows that the pretopology ™ on the
category Cx is subcanonical iff the functor (6) is fully faithful.

2.0.5.2. Remark. The forgetful functor

fa
CXEB:/;\\(C)(,T)A —_— (Cx,T)/\
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f*
has a left adjoint, (Cx,7)" —— Cy e, which maps every sheaf M to the object

(M]Jr,t — M]Jr), where ¢ — M]Jr is the coprojection. So that the functor
Cye — (Cx,7)" preserves limits. But, it does not preserve colimits.

2.0.6. The categories of k-linear functors. Let C'x and Cy be svelte k-linear cate-
gories. We denote by Homy(Cx,Cy) the full subcategory of the category Hom(Cx,Cy)
of functors from Cx to C'y generated by k-linear functors.

2.0.6.1. The category of k-linear presheaves of k-modules and k-linear
Yoneda embedding. We denote by My (X) the category of k-linear presheaves of k-
modules on C'x. In other words,

Mi(X) € Homy,(CL, k — mod).

We call the canonical embedding

bx ~de
Cx —— Mp(X), L+ L% Cx(-, L),

the k-linear Yoneda embedding.

2.0.6.2. Proposition. Let Cx be a svelte k-linear category and Cy a k-linear
category with colimits. The functor

*

bx
Homy (M (X),Cy) —— Homy(Cx,Cy), Gr+—Gobx,

has a fully faithful left adjoint,

bhx
Homk(C’X, Cy> —_— HOmk(Mk(X)a CY)7

which establishes an equivalence between the category Homy(Cx,Cy) and the full subcate-
gory Hom§,(My(X),Cy) of the category Homy(My(X),Cy) generated by all continuous
functors from My (X) to Cy.

Proof. Fix a k-linear functor Cy 9, Cy and consider the map which assigns to
every object £ of the category Cy the presheaf of k-modules Cy (G(—),£). This map

defines a k-linear functor Cy 2% M (X). If the category Cy has colimits, then the

functor G, has a left adjoint, My (X) AN Cy, which assigns to every object V of the
category My (X) the colimit of the composition of the forgetful functor hx/V — Cx

with the functor Cx 9, Cy. The functor

hx:
Homi(Cx,Cy) —— Homy(Mp(X),Cy)
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assigns to every k-linear functor C N Cy a left adjoint My (X) AN Cy to the
functor G, and acts accordingly on morphisms of functors. m

2.0.6.3. Corollary. Let Cx and Cy be svelte k-linear categories. There is a natural
fully faithful functor

’Homk(C’X,C'y) —_— %omk(./\/lk(X),Mk;(Y)) (1)

which establishes an equivalence between the category Homy(Cx,Cy) of k-linear func-
tors from Cx to Cy and the full subcategory $Homy(My(X), Mr(Y)) of the category
Homy(Mp(X), Mi(Y)) generated by all continuous functors Myp(X) — Mg (Y) which
map representable presheaves to representable presheaves.

Proof. The functor (1) assigns to every k-linear functor Cx L Cy a continuous

k-linear functor My (X) 7, M (Y) determined uniquely up to isomorphism by the
commutativity of the diagram

hx

CX e ./\/lk(X)
F| | P 2)

by
Oy —_— MK(Y)

The existence and uniqueness of F'* follows from 2.0.6.2: in the notations of the argument
0f 2.0.6.2, F* =(hxoF)*. m

2.0.7. The categories of k-linear functors and k-linear sheaves of k-modules.
Let 7 be a pretopology on a svelte k-linear category Cx. We denote by Shy(X,7) the
category of k-linear sheaves of k-modules on the presite (Cx,7); that is Shy(X,7) is the
intersection of the category Sh((Cx,T),k—mod) of sheaves of k-modules on (Cx,7) and
the category Homy(Cx, k — mod) of k-linear functors from Cx to k — mod.

The sheafification functor induces an exact functor My (X) — Shy(X,7) which is
a right adjoint to the embedding Shi(X,7) — M (X).

2.0.7.1. For any k-linear category CYy-, this pair of adjoint functors induces a pair of
adjoint functors

*

Homu(My(X), Cy) —s Hom(Sh(X,7),Cy), G r— G o drs, 0

Hom(Ship(X,7),Cy) —— Hom(My(X),Cy), Fr— Foql,

with adjunction morphisms induced by the adjunction morphisms for the pair (g%, g ).
Both functors are exact, and it follows that the second functor is fully faithful (see 2.0.4.1).
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It establishes an equivalence between the category Homy(Shi(X,7),Cy) and the
full subcategory of the category Hom(C%,Cy) generated by all functors M X) 9, Cy
such that the canonical morphism G — G o (q,«q%) is an isomorphism.

2.0.7.2. Suppose that Cy is a category with colimits. Then, by 2.0.6.2, the functor

*

bx
Homy(My(X),Cy) —— Homyp(Cx,Cy), G+ Gobx,

bhx
has a fully faithful left adjoint, Homy(Cy,Cy) —— Homu(My(X), Cy).
Taking the composition with the corresponding functors of 2.0.7.1(1), we obtain a pair
of adjoint functors

Homi(Cx,Cy) —> Homu(Shi(X,7),Cy) 2)
Homp(Shi(X,7),Cy) —— Homy(Cx,Cy) (3)

2.0.7.3. The case of a subcanonical pretopology. One can see that a pretopology
7 on the category Cx is subcanonical iff the functor 2.0.7.2(2) is fully faithful for any k-
linear category Cy. It follows from 2.0.7.2 that, in this case, the functor (2) establishes
an equivalence between the category Homy(Cx,Cy ) of k-linear functors from Cx to Cy
and the full subcategory of the category Homy(Shi(X,7),Cy) generated by all functors

Shi(X,T) 2, Cy such that the canonical morphism

(Fodr) o0 — F
(— the composition of ((Foq¥)* — F o q%)qr+ and the isomorphism F o q¥q, . = F)
is an isomorphism.

2.1. Proposition. (a) Let (Cx,€x) be a svelte right exact category. The Yoneda
embedding induces an ’exact’ fully faithful functor

%

) x
(CX7QEX) I (CX¢7 _5)(@)7

from (Cx,€x) to the category Cx, of non-trivial sheaves of sets on (Cx,€x) endowed
with the canonical (- the finest) right ezact structure €% .
(b) Let (Cx,€x) and (Cy, €y) be right exact categories and

*

%)
(CX> @X) —_— (OY7 eY)
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*

)
a weakly right ’exact’ functor. There exists a functor Cx, —— Cy, such that the
diagram

*

©
CX EE—— CY
i | | i
pe
CX —_— CY@
quasi commutes, i.e. ©*i% ~iy-¢*. The functor ¢* is defined uniquely up to isomorphism.
(¢) If the categories Cx and Cy have initial objects and the functor ¢* maps initial

*

@ _
objects to initial objects, then the functor Cx, —— Cy, has a right adjoint, ©..

[

Proof. (a) By definition, C'x, is a full subcategory of the category C% of presheaves

§
of sets on C'x whose objects are presheaves (Cx,Ex)°? —— Sets such that the image
S(N) — F(M) =X F(M xn M) (1)

of the canonical diagram

51

MxyM=FKys) — " M——>N

52
is an exact diagram for any deflation M —+ N.
The inclusion functor Cx, — C% has a left adjoint — the sheafification functor

Cy — Cx,, which is exact. Since the pretopology €x on Cx is subcanonical (see
1.1), the Yoneda embedding induces an equivalence between the category Cx and a full

subcategory of C'x,. It remains to show that the embedding Cx x, Cx, is an ’exact’
functor, i.e. it maps deflations to deflations and preserves pull-backs of deflations.
The Yoneda embedding C'x — C% is a left exact functor, and the sheafification

functor C5y, — Cx, is exact. Therefore, their composition Cx 2x, Cx, 1s a left exact
functor; in particular, it preserves all pull-backs. Therefore, we need only to show that the
functor j% maps every deflation to an epimorphism of the category Cx, .

In fact, let M — N be a deflation and M xny M — M — N the associated exact
diagram. The Yoneda embedding maps this diagram to the diagram

M X3 M :; M — N, (2)
where M = C' x(—, M). For any presheaf of sets §, the functor C% (—, §) maps the diagram

(2) to a diagram isomorphic to

F(N) — F(M) = F(M xn M).
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which is exact if § is a sheaf on (Cx, €x). This shows that for every sheaf §, the functor
Cx,.(—,§) maps the diagram (2) to an exact diagram. Therefore the diagram (2) viewed
as a diagram in the category of sheaves, is exact.

(b) If the functor ¢* is weakly right ’exact’, then the functor

CQ—>C§\(7 g|—>30(,0*,

maps sheaves on the pretopology (Cy, €y ) to sheaves on (Cx, €x); in particular, it induces

a functor (Cy,Ey)" —>(C’X,€X) :

In fact, for any arrow M — N of €x, consider the decomposition

P (M]M) —— (M) [] " (M) 5 ¢"(M) — ¢*(N) (3)
N ©*(N)

of the diagram
(M [ M) 3 " (M) —— ¢*(N) (4)

Since the functor ¢* is weakly right ’exact’, the right and the left arrows of the diagram
(3) belong to €y . Therefore, for any sheaf § on (Cy, €y ) the diagram

Fo ' (N) — Fe" (M) S (¢" (M) [] ¢(
©*(N)

is exact and the morphism

) [ ¢ () —— Se* (M [ M)

*(N) N

is a monomorphism. Therefore, the diagram
* * EE—— *
Fo* (N) —— Fo" (M) 3 " (M [ M)
N

is exact. This shows that § o p* is a sheaf on the presite (Cx, €x).

(b1) The functor @, has a left adjoint, (Cx,€x)" LA (Cy, Ey )",

Notice that this left adjoint maps non-trivial sheaves to non-trivial sheaves. This
follows from the fact that there is an adjunction morphism § — @,9*(§). So that if

F(M) # 0 for some object M, then @.p*(F)(M) # 0.

*

~ s ¥
Therefore, the functor ¢* induces a functor Cx, —— Cys,.
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It follows that ©*j% ~jj ¢*.
(c) If the categories C'x and Cy have initial objects and the functor ¢* maps ini-
tial objects to initial objects, then the functor @, maps non-trivial sheaves to non-trivial

P x
sheaves. Therefore, it induces a functor Cy, —— Cx,, which is a right adjoint to the

*

)
functor Cx, —— Cy,. =

2.1.1. Proposition. (a) Let (Cx, €x) be a svelte right exact category with an initial
object r. The Yoneda embedding induces a fully faithful ’exact’ functor

i%
(CX7Q:'X) - (CX@; ;@)a
¢

from (Cx,Ex) to the category Cye dzeff\(C’X, €x)" of sheaves of sets on (Cx,Ex) over
[
T endowed with the canonical (- the finest) right exact structure QS;(@.
¢
(b) Let (Cx,€x) and (Cy, Ey) be right exact categories and

*

%)
(Cx,€x) —— (Cy, Ey)

®

©

a weakly right ‘exact’ functor. There exists a functor Cye —— Cye such that the
[ [

diagram

*

CXL>CY

i% | |3

2®
CX? e CY@@)

quasi commutes, i.e. Cp@j()@( ~ j@gp*. The functor @® is defined uniquely up to isomorphism.
(¢) If the categories Cx and Cy have initial objects and the functor ¢* maps initial
)

objects to initial objects, then the functor Cye ERANN Cye has a right adjoint, Pg .
[ ¢
Proof. The assertion follows from 2.1 and 2.0.5. Details are left to the reader. m

2.2. An observation on sheaf epimorphisms. Let N € ObCx and § - N a
morphism of sheaves on (Cx, €x). Regarding v as a presheaf morphism, we represent it as

the composition of the presheaf epimorphism § — I'm(~) and the embedding Im(y) < N.
It follows from the exactness of the sheafification functor that v is a sheaf epimorphism
iff the sheafification functor maps the embedding Im(y) < N to an isomorphism; i.e.

Im(v) — N is a refinement of N in the topology associated with the pretopology €x.
The latter means that there exists a deflation M’ — N such that the image of ¢ is
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contained in Im(7), i.e. M 5 N is the composition of a morphism M’ N Im(~) and
the embedding I'm(y) — N. Since representable functors are projective objects in C%,
the morphism v’ factors through the presheaf epimorphism § — I'm(vy). Thus, we obtain
a commutative diagram

-

M e—> N
vl lid (5)
F —- N

2.2.1. Proposition. Fiz a right ezact category (Cx,€Ex).
(a) Let L Ty N bea morphism of the category C'x . Its image LN isa sheaf
epimorphism iff ¢ =fov for some deflation M — N and an arrow M =5 L.

In particular, L g, N s a strict epimorphism.
(b) A morphism § — & of sheaves of sets on (Cx,€x) is an epimorphism iff for

any morphism L5 B, there exists a commutative diagram
M
v
§
such that M — L is a deflation.

Proof. (a) If ¢ =fov for some deflation M —» N/, then ¢ = ?o b, and, by the
argument of 2.1(a), ¢ is an epimorphism. Therefore, f is an epimorphism.
The converse assertion follows from the observation preceding this proposition.

G «—D)
782%
=

4
e
vy
—

(b) If § 4 & is an epimorphism of sheaves, then, for any morphism L I & , the
upper horizontal arrow of the cartesian square

~ ’y ~
5§ — L
¢ l cart l £
2l
5§ — 6
is an epimorphism. Applying (a) to the epimorphism § - £, we obtain the claimed
commutative diagram (6).
Conversely, suppose that a sheaf morphism § 4 & is such that for any morphism

L i) &, there exists a commutative diagram (6) whose upper arrow is an epimorphism.
Then ~ is an epimorphism.
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P
In fact, let & —X§ be a pair or sheaf morphisms which equalizes v, that is oy = ¢ory.
¢

It follows from the commutativity of the diagram (6) that pofoe=¢oo%. Since? is
an epimorphism the latter equality implies that ¥ o& = ¢o&. This shows that the pair of

arrows & 2§ equalizes any morphism from a representable (pre)sheaf to the sheaf &.

Since any presheaf of sets is a colimit of a diagram of representable presheaves, it follows
that ¢ = ¢, which proves that v is an epimorphism. =

2.3. The canonical embedding of a k-linear right exact category. Fix an asso-
ciative, commutative, unital ring k. Let (Cx, €x) be a svelte k-linear right exact category.
We denote by My (X) the category of presheaves of k-modules and by Shy (X, €x) the
category of sheaves of k-modules. Since the pretopology & X is subcanonical, the Yoneda

embedding Cx — M (X) induces a full embedding C'x x, Shi (X, €x) of the category
Cx into the Grothendieck category Shi (X, €x) of sheaves of k-modules on (Cx, €x).

2.3.1. Pr0p051t10n (a) For any svelte k-linear right exact category (Cx,€x),

the full embedding Cx H Shi(X,€x) is an ’‘exact’ functor from (Cx,&x) to the
Grothendieck category Shy(X, €x) of sheaves of k-modules on (Cx,€x).
(b) Let (Cx,€x) and (Cy, Ey) be right exact k-linear svelte categories and

*

©
(Cx,€x) —— (Cy, Ey)

a right ’exact’ k-linear functor. There exists a k-linear functor

*

Shk(X, @)() L} Shk(Y, ny)

such that the diagram

CX L> CY

i | | i

*

Shi(X,€x) ——  Shy(Y,€y)

quasi commutes, i.e. o ]X ~ iy *. The functor ©* is defined uniquely up to isomorphism
and has a right adjoint, Q..

Proof. The argument is similar to that of 2.1. m

*

2.3.2. Note. Even if the functor (Cx,€x) AN (Cy, €y) is ’exact’, the functor

*

Shi(X, €x) ——s Shi(Y, Ey)
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need not to be (left) exact. For instance, let (Cx,Ex) (resp. (Cy,Ey)) be the exact
category of projective A-modules (resp. B-modules) of finite type; and let ¢* be the
functor M —— B ®4 M corresponding to an algebra morphism A — B. Then the
category Shy(X,€x) is naturally identified with A — mod and the functor ¢* with

B
A — mod & B — mod.

Therefore, the functor ¢* is exact iff the algebra morphism A — B turns B into a
flat right A-module.

3. Karoubian envelopes of right exact categories.

3.1. Lemma. Let M be an object of a category Cx and M -2 M an idempotent
(i.e. p> =p). The following conditions are equivalent:

(a) The idempotent p splits, i.e. p is the composition of morphisms M s N L M
such that eoj = idy.

idM
(b) There exists a cokernel of the pair M X M.

idM

(c) There exists a kernel of the pair M?M

If the equivalent conditions above hold, then Ker(id,,,p) ~ Coker(id,,,p).
Proof. (b) < (a) = (¢). If the idempotent M —£+ M is the composition of M — N

id

. M
and N —+ M such that ¢ oj = idy, then M —— N is a cokernel of the pair MM,

because eop = ¢ojoe = ¢ and if M L any morphism such that top = t, then
t = (toj)oe. Since ¢ is an epimorphism, there is only one morphism g such that t =goe.
This shows that (a) = (b). The implication (a) = (c) follows by duality.

idM

(b) = (a). Let M - N be a cokernel of the pair M — M. Since p o p = p, there
p
exists a unique morphism N —— M such that p =joe. Since eojoe=c¢op=ce¢=idyoe

and e is an epimorphism, ¢oj = idy.
The implication (¢) = (a) follows by duality. m

3.2. Definition. A category C'x is called Karoubian if each idempotent in C'x splits.

It follows from 3.1 that Cx is a Karoubian category iff for every idempotent M -2+ M in
C'x, there exists a kernel (equivalently, a cokernel) of the pair (id,,, p).

3.3. Proposition. For any category Cx, there exists a Karoubian category Cx,

E*
and a fully faithful functor Cx — Cx,. such that any functor from Cx to a Karoubian
category factors uniquely up to a natural isomorphism through €% . Every object of Cx,. is
a retract of an object €5 (M) for some M € ObCx.
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Proof. Objects of the category Cx, are pairs (M,p), where M is an object of the
category Cx and M -2+ M is an idempotent endomorphism, i.e. p? = p. Morphisms
(M,p) — (M',p’) are morphisms M Ly M’ such that fp=f=p'f. The composition
of (M,p) N (M',p') and (M',p') <L (M",p") is (M,p) 9, (M",p"). Tt follows from
this definition that (M, p) - (M, p) is the identical morphism. If (M,p) — (M, p) is an
idempotent, then it splits into the composition of (M, p) — (M, q) and (M, q) —— (M, p).
The composition of (M,q) — (M,p) —= (M,q) is (M,q) —= (M,q), which is the
identical morphism. The functor Cx E—X> Cx, assigns to each object M of Cx the pair
(M, id,,) and to each morphism M —Z+ N the morphism (M, id,,) - (N, idy).

For any functor Cx £, Cz to a Karoubian category Cyz, let Cx, i Cy denote a
functor which assigns to every object (M, p) of the category Cx, the kernel of the pair
(idpary, F(p)). Tt follows that Fx o &% ~ F. In particular, for any functor Cx N Cy,

there exists a natural functor C'x I, ¢ x such that the diagram

F
CX E— Cy
| | #
Fg
CXK S CYK

quasi-commutes. The map F' —— Fx defines a (pseudo) functor from Cat to the category
K Cat of Karoubian categories, which is a left adjoint to the inclusion functor. This implies,
in particular, the universal property of the correspondence Cx —— Cx,. .

For every object (M,p) of the category Clx,, the morphism (M,p) = (M, id,,)
splits; i.e. (M,p) is a retract of €5 (M) = (M,id,,). =

3.3.1. The category Cx, in 3.3 is called the Karoubian envelope of the category Cx.
3.4. Karoubian envelopes of right exact categories.

3.4.1. Definition. We call a right exact category (Cx,€x) Karoubian, if the
category C'x is Karoubian and any split epimorphism of the category Cx is a deflation.

3.4.2. Proposition. Let (Cx,Ex) be a right exact category. Suppose that, for every

idempotent M -2 M in Cx and every morphism N Ty M such that f = pf, there
exists a cartesian square

N —— M

N ——— M
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Then the Karoubian envelope Cx,. of the category Cx has a structure €x, of a right exact

*

Karoubian category such that the canonical functor Cx EHX Cx, s an ’exact’ functor
from (Cx,€x) to (Cx,,€x.). The right exact Karoubian category (Cx,,€x,) is
universal in the following sense: every right exact (resp. weakly right exact) functor from
the right exact category (Cx,&€x) to a right eract Karoubian category (Cy,€Ey) is
uniquely represented as the composition of the canonical exact, hence ’exact’, functor from
(Cx,€x) toits Karoubian envelope (Cx,,€x,) and a right exact (resp. weakly right
exact) functor from (Cx.€x,) to (Cy,Cy).

Proof. (a) Let Cx be a category and M —— L a split epimorphism; i.e. there exists

a morphism L s M such that ¢ oj = 4dy. Let N -5 L be a morphism Since j is a

monomorphism, a pullback of N 2y L+ M exists iff a pullback of N — M +— M.
exists and they are isomorphic to each other Notice that p = je is an idempotent and a

morphism N Ly M factors through L I M iff f = pf. Thus, we have cartesian squares

/ /

N —— M N —— M

e’l cart lp and e’l cart le
f

N —— M N s L

It follows from the right cartesian square that the morphism ¢’ is a split epimorphism,
because it is a pullback of a split epimorphism.
(b) Suppose that the condition of 3.4.2 holds, and consider a pair of morphisms

(N, u) (M, q) <— (M, p) of the Karoubian envelope Cx,. . By definition, fu = qf = f
and gp = pg = q. By the hypothesis, there exists a pullback N xf, M. The equality
qf = f implies that the projection N xr, M 2, N splits, i.e. there exists a morphism

NN X .¢ M such that ¢'j’ =idyn. Set v’ =j'q’. Then

/

f
(N xXfq M) —— (M,p)

q’l lq

(N, u) L) (M, q)

is a cartesian square in C'x, . This shows that split epimorphisms of C'x, are stable under
base change. The class of deflations € x, consists of all possible compositions of morphisms
of ¥ (€x) and split epimorphisms.

(c) By the universal property of Karoubian envelopes, any functor Cx N Cy is
represented as the composition of the canonical embedding C'x — Cx, and a uniquely
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determined functor Cx, Loy, IfFisa (weakly) right ’exact’ functor from (Cx, €x) to

(Cy, €y ), then F'is a (resp. weakly) right ’exact’ morphism from the Karoubian envelope
(CXK, QSXK> of (Cx, GX) to (Cy, ny) | |

3.4.3. Proposition. For every svelte right exact category (Cx,€x), there erists
a "Karoubian envelope” of (Cx,€x), which is a Karoubian category (Cx, ,€x,) such
that every right exact (resp. weakly right exact) functor from (Cx,&x) to a right exact
Karoubian category (Cy, €y) is uniquely represented as the composition of the canonical
exact, hence ’exact’, functor from (Cx,€x) to (Cx,., €x, ) and a right ezact (resp. weakly
right exact) functor from (Cx,€x,) to the right exact category (Cy, Ey).

Proof. The Karoubian envelope Cx,. of the category Cx is naturally equivalent to the
smallest Karoubian subcategory Cxx of the category Cx, of sheaves of sets on the presite
(Cx,€x) containing all representable sheaves. The equivalence is given by the unique
functor C'x,, — Cxx corresponding by the universal property of Karoubian envelopes to
the corestriction to C'xx of the canonical embedding of the category C'x into the category
of sheaves Cx,. Identifying Cx, with C'xx, we take as €x, all possible compositions
of the images of deflations and split epimorphisms. It follows that the canonical functor
Cx — Cx, is an ’exact’ functor from (Cx,€x) to (Cx,,€x, ). The universality of
the morphism (Cx, €x) —— (Cx,, €x, ) follows from the functoriality (with respect to
‘exact’ functors) of the canonical embedding of (Cx, €x) into the category Cx,. m

3.5. Proposition. Let (Cx,€x) and (Cy,Ey) be right exact categories. Suppose
that €x consists of split deflations. Then a functor Cx N Cy s a weakly right ’exact’
functor from (Cx,€x) to (Cy,Ey) iff it maps deflations to deflations.

In particular, every functor Cx N Cy s weakly right ’exact’, if all split epimor-
phisms of the category Cy are deflations.

Proof. Let M — N be a split epimorphism in Cx and N ' M its section. Set
p = joe. Suppose that M xy M exists (which is the case if ¢ € €x). Then we have a
commutative diagram

—
M M N
’idM
tl lz’dM Jz’dN (1)
pP1 ¢
Mx,M — M N

whose left vertical arrow, t, is uniquely determined. A functor Cx N Cy maps (1) to
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the commutative diagram

F(p) F(e)

F(M) — F(M) —— F(N)
() | | i | i 2)
F(M x,, M) i FOM) — Py

whose upper row is an exact diagram (by 3.1). Therefore, the lower row of (2) is an exact
diagram. The assertion follows now from the definition of a weakly right ’exact’ functor. m

3.6. Corollary. Let (Cx,&x) be a right exact category whose deflations are split.
Then every presheaf of sets on (Cx,€x) is a sheaf.
4. Kernels, cokernels, coimages and images of morphisms.

4.1. Kernels and cokernels of arrows. Let Cx be a category with an initial

object x. We define the kernel of a morphism M Y , (if any) is the upper horizontal
arrow in a cartesian square

f’l cart l f (1)

when the latter exists.
Cokernels of morphisms are defined dually, via a cocartesian square

(f)

N —— Cok(f)
f T cocart T 1!
M — Y

where y is a final object of Cx.

4.1.0. Note. If Cx is a pointed category (i.e. its initial objects are final), then the

notion of the kernel is equivalent to the usual one: the kernel of a morphism M TN
(if any) is determined uniquely up to isomorphism by the exactness of the diagram

e(f) -
Ker(f) — M { N.
0

Here M -2+ N denotes the zero morphism, i.e. the unique morphism from M to N which
factors through a zero object.
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Dually, the cokernel of M Iy N makes the diagram

f

N c(f)
M ¢ N —— Cok(f)
0

exact and is, therefore, determined by this property.

4.1.1. Lemma. Let C'x be a category with an initial object x.

(a) Let a morphism M Jo N of Cx have a kernel. The canonical morphism

Ker(f) —— M is a monomorphism, if the unique arrow x Ny N s a monomorphism.

(b) If M TN isa monomorphism, then x MU s the kernel of f.

Proof. (a) By definition of the kernel of f, we have a cartesian square

f’l cart lf
x 1—N> N

t(f)
Pull-backs of monomorphisms are monomorphisms. In particular, Ker(f) —— M

) L in . )
is a monomorphism if x — N is a monomorphism.

(b) Suppose that M L Nisa monomorphism. If

¢
L —— =z

oI T
f
M — N
is a commutative square, then f equalizes the pair of arrows (v, ip0¢). If f is a monomor-
phism, the latter implies that ¢ =iy, o ¢. Therefore, in this case, the square

X
in l in
N

§<—H

id,,
-
f
—

is cartesian. m

4.1.2. Corollary. Let Cx be a category with an initial object x. The following
conditions on the category C'x are equivalent:
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€(f)
(a) If M Ly N has a kernel, then the canonical arrow Ker(f) —— M is a

monomorphism.

(b) The unique arrow x MOA s a monomorphism for any M € ObC'x .

Proof. (a) = (b). By 4.1.1(b), the unique morphism =z My A is the kernel of the

identical morphism M g
The implication (b) = (a) follows from 4.1.1(a). m

4.1.3. Note. The converse assertion is not true in general: a morphism might have
a trivial kernel without being a monomorphism. It is easy to produce an example in the
category of pointed sets.

4.2. Examples and relevant digressions.

4.2.1. Kernels of morphisms of unital k-algebras. Let C'x be the category Algy
of associative unital k-algebras. The category C'x has an initial object — the k-algebra k.

For any k-algebra morphism A —4 B, we have a commutative square

A L

ee) | ?

()
ko K(p) ——

where K () denote the kernel of the morphism ¢ in the category of non-unital k-algebras
and the morphism £(y) is determined by the inclusion K(¢) — A and the k-algebra
structure K — A. This square is cartesian. In fact, if

is a commutative square of k-algebra morphisms, then C' is an augmented algebra: C' =
k@ K(v). Since the restriction of ¢ oy to K (1) is zero, it factors uniquely through K ().

Therefore, there is a unique k-algebra morphism C = k & K (v) ENY ¢ er(p) =k @ K(p)
such that v = €(p) o 5 and ¢ = €(p) o .

This shows that each (unital) k-algebra morphism A —+ B has a canonical kernel
Ker(p) equal to the augmented k-algebra corresponding to the ideal K (¢p).

t(e)
It follows from the description of the kernel Ker(yp) —— A that it is a monomor-
phism iff the k-algebra structure & — A is a monomorphism.
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Notice that cokernels of morphisms are not defined in Algg, because this category
does not have final objects.

4.2.2. Kernels and cokernels of maps of sets. Since the only initial object of
the category Sets is the empty set () and there are no morphisms from a non-empty set

to (), the kernel of any map X — Y is () — X. The cokernel of a map X Ty

c(f)
is the projection Y —— Y/f(X), where Y/f(X) is the set obtained from Y by the

contraction of f(X) into a point. So that ¢(f) is an isomorphism iff either X = ), or f(X)
is a one-point set.

4.2.3. Digression: categories with isolated initial objects. Suppose that C'x is
a category with initial objects, which are isolated in the following sense: every morphism
to an initial object is an isomorphism. Then every morphism M — L of Cx has a
kernel, but, this kernel is trivial — the unique morphism from an initial object to M.

4.2.3.1. Sets and topological spaces. The category Sets and the category Top
of topological spaces are examples of categories with isolated initial objects.

4.2.3.2. Presheaves and sheaves of sets. If C'x is a category with isolated initial
objects, then the category Hom(Cy,Cx) of functors from a svelte category Cy to the
category C'x is a category with isolated initial points.

In particular, the category C% of presheaves of sets on C'x is a category with isolated
initial point, which is the presheaf () mapping all objects of C'x to the empty set.

The same () is the isolated initial object in the category (Cx,7)" of sheaves of sets
on a (pre)site (Cx, 7).

4.2.3.3. Non-commutative affine schemes. Let Cx = Aff} def Alg” — the

category of non-commutative affine k-schemes. The initial object of Aff; is the affine
k-scheme corresponding to the zero algebra. It is the isolated initial object — the ’empty’
affine k-scheme.

4.2.4. Note. The categories with isolated initial objects are useless for constructions
which involve kernels. In particular, they should be avoided in the constructions of right
derived functors (— universal 0*-functors) in Chapter II and related questions (in Chapter
III). The following examples are all in the spirit of avoiding isolated initial points.

4.2.5. Digression: categories with pointed objects. An object M of a svelte
category Cx is called pointed, if there is a cone M — Idc, .

4.2.5.1. Pointed objects in categories with initial objects. If C'x is a category
with initial objects, then pointed objects in C'x are precisely those objects which have
morphisms to initial objects.

4.2.5.2. Augmented algebras. Thus, pointed objects of the category Algy of
associative unital algebras are k-algebras which have augmentations.
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4.2.5.3. Right exact categories with enough pointed objects. We say that
a right exact category (Cx, €x) has enough pointed objects, if, for any object L of Cx,
there is a deflation M —— L, where M is a pointed object.

4.2.5.4. Augmented algebras. The category Algy of associative unital k-algebras
endowed with the canonical (that is the finest) right exact structure is an example of a
right exact category with enough pointed objects. In fact, if A is a unital k-algebra and V
a k-submodule of A generating A, then the embedding of k-modules V — A determines
a strict epimorphism from the tensor algebra Ty (V) of the k-module V to the algebra A;
and tensor algebras have canonical augmentations.

4.2.6. Non-trivial presheaves of sets. The category C'y of non-trivial presheaves
of sets has final objects and colimits of arbitrary small diagrams. In particular, the category
C% has cokernels of arbitrary morphisms which are computed object-wise (as in 4.2.2).

4.3. Some properties of kernels. Fix a category C'x with an initial object x.

4.3.1. Proposition. Let M JYN bea morphism of C'x which has a kernel pair,
M xny M :;1 M. Then the morphism f has a kernel iff p1 has a kernel.

P2

Proof. Suppose that f has a kernel, i.e. there is a cartesian square

Then we have the commutative diagram

Ker(f) —— MxyM -2 M

f J plj J f (2)

i f
T 1—M> M — N

which is due to the commutativity of (1) and the fact that the unique morphism x Ny N

factors through the morphism M Sy N. The morphism ~ is uniquely determined by
the equality ps o v = €(f). The fact that the square (1) is cartesian and the equalities
p2oy = t(f) and iy = f oip imply that the left square of the diagram (2) is cartesian,
gl
ie. Ker(f) —— M xx M is the kernel of the morphism p;.
Conversely, if p; has a kernel, then we have a diagram

t(p1) p2
Ker(py)) —— MxyM —— M

P} l cart pll cart l f
iy

f
T —_ M — N
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which consists of two cartesian squares. Therefore the square

e(f)
Ker(py) —— M
p’ll cart l f
in
€T — N

with &(f) = p2 o £(p1) is cartesian. m
4.3.2. Remarks. (a) Needless to say that the picture obtained in (the argument of)

7_/
4.3.1 is symmetric, i.e. there is an isomorphism Ker(p;) — Ker(ps) which is an arrow
in the commutative diagram

t(p1)
Ker(p1) i) M xny M M

|2 |2 | id,,

t(p2)
Ker(ps) ——s MxyM —2% M

(b) Let a morphism M . N have a kernel pair, M x NM M, and a kernel. Then,

p2
&(p1)
by 4.3.1, there exists a kernel of p;, so that we have a morphism Ker(p;) M XN M
A
and the diagonal morphism M M M ~ M. Since the right square of the commutative
diagram

’

P
r —— Ker(p) — s

l P(pl)l cart l

Ay P1
M — MxyM — M

is cartesian and compositions of the horizontal arrows are identical morphisms, it follows
that its left square is cartesian too. Loosely, one can say that the intersection of Ker(p;)
with the diagonal of M Xy M is zero. If there exists a coproduct Ker(py)[[ M, then the

¢(p1)
pair of morphisms Ker(p;) —1> M xny M % M determine a morphism

Ker(py) [[M —— M xy M. (3)

(b1) If the category Cx is additive, then this morphism is an isomorphism, that is
Ker(f)[IM ~ M xx M. In general, it is rarely the case, as the reader can find out
looking at the examples of 4.2.
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4.3.3. Proposition. Let

N
g l cart l g (3)
f
M — N
be a cartesian square. Then Ker(f) exists iff K er(f) exists, and they are naturally iso-
morphic to each other.

e(f)
Proof. Suppose that Ker(f) —— M exists, i.e. we have a cartesian square

Ker(f) —>E(f)

f’l cart l f (4)
T 1—N> N

Since # —» N factors through N’ —23 N and the square (3) is cartesian, there is a unique
morphism Ker(f') —— N’ such that the diagram

Ker(f) ——s M 2+ M
f’l l f cart f (5)
x —— N —> N
commutes and £(f) = g o y. Therefore the left square of (5) is cartesian.
If Ker(f) exists, then we have the diagram
g
M — M
l f cart l f

r ——> N —>N

=
)
=
=
=
=

whose both squares are cartesian. Therefore, their composition

~ gof(}v)
Ker(f) —— M
7 L/

is a cartesian square.
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It follows that the unique morphism Ker(f) -~ Ker(f) making the diagram

~ D ~ 7~
Ker(f) — M —— N
g g l cart l g (6)
e(f) !
Ker(f) — M —— N

commute is an isomorphism. m

4.4. The kernel of a composition and related facts. Fix a category C'x with
an initial object x.

4.4.1. The kernel of a composition. Let L Ly M and M %5 N be morphisms
such that there exist kernels of g and g o f. Then the argument similar to that of 4.3.3
shows that we have a commutative diagram

/7

Ker(gf) L> Ker(g) LA

t(gf) l cart l t(g) cart l in (1)

f
AV 4. N

whose both squares are cartesian and all morphisms are uniquely determined by f, g and
the (unique up to isomorphism) choice of the objects Ker(g) and Ker(gf).
Conversely, if there is a commutative diagram

/

K L> Ker(g) g—>

x
t l cart l t(g) l in
r 1 ouw N

whose left square is cartesian, then its left vertical arrow, K LN L, is the kernel of the

L gof
composition L —— N.

4.4.2. Remark. It follows from 3.3.3 that the kernel of L L M exists iff the kernel

f
of Ker(gf) —— Ker(g) exists and they are isomorphic to each other. More precisely,
we have a commutative diagram

Ker(]?) & Ker(gf) L Ker(g) g—/>

Zl t(gf) l cart l t(g) cart l in
N

e(f) f
Ker(f) —— L — M LN
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whose left vertical arrow is an isomorphism.

The following observations is useful (and will be used) for analyzing diagrams.

4.4.3. Proposition.(a) Let M -2+ N be a morphism with a trivial kernel. Then

a morphism L Ly M has a kernel iff the composition g o f has a kernel, and these two
kernels are naturally isomorphic one to another.

(b) Let

—~ ¢
M — N
be a commutative square such that the kernels of the arrows f and ¢ exist and the kernel

of g is trivial. Then the kernel of the composition ¢ o~y is isomorphic to the kernel of the
morphism f, and the left square of the commutative diagram

Ker(f) —— Ker(¢y) ﬂ)

L
~y l cart l
(¢) —~

f
—
Ker(¢) —— L

R

18 cartesian.

Proof. (a) Since the kernel of g is trivial, the diagram 4.4.1(1) specializes to the
diagram

Ker(gf) L x id—m> x
tof) | cart | Hg) | in
[ Vi N

with cartesian squares. The left cartesian square of this diagram is the definition of Ker(f).
The assertion follows from 4.4.1.

(b) Since the kernel of ¢ is trivial, it follows from (a) that Ker(f) is naturally isomor-
phic to the kernel of g o f = ¢ o y. The assertion follows now from 4.4.1. m

4.4.4. Definition. Let Cx be a category with initial objects. A morphism of Cx is
called trivial if it factors through an initial object.

4.4.5. Proposition. Let Cx be a category with an initial object x. Let L Ty M be

t(g)
a strict epimorphism and M 2y N a morphism such that Ker(g) —— M exists and is
a monomorphism. Then the composition g o f is a trivial morphism iff g is trivial.
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Proof. The morphism g o f being trivial means that there is a commutative square

!
L — M
7] | g
in
x —— N
By 4.4.3(a), Ker(go f) ~ Ker(y) = L. Thus, we have a commutative diagram
5 g’
Ker(gf) —— Ker(g9) —— =
Zl cart l t(g) cart l in
!
— M 2 N

(cf. 4.4.1). Since f is a strict epimorphism, it follows from the commutativity of the

t(g)
left square that Ker(g) —— M is a strict epimorphism. Since, by hypothesis, £(g) is a
monomorphism, it is an isomorphism, which implies the triviality of g. m

4.4.5.1. Note. The following example shows that the requirement ” Ker(g) — M
is a monomorphism” in 4.4.5 cannot be omitted.

Let Cx be the category Algy of associative unital k-algebras, and let m be an ideal
of the ring k such that the epimorphism k& — k/m does not split. Then the identical
morphism k/m — k/m is non-trivial, while its composition with the projection & — k/m
is a trivial morphism.

4.5. The coimage of a morphism. Let M 4 N be an arrow which has a kernel,
i.e. we have a cartesian square

Ker(f) ——
I’ l cart l f
iN
x — N
e(f)
with which one can associate a pair of arrows Ker(f) —< M, where 0y is the composition
Of

of the projection f’ and the unique morphism x MM Since iy = foiy, the morphism

e(f)

f equalizes the pair Ker(f) — M. If the cokernel of this pair of arrows exists, it will
Or

be called the coimage of f and denoted by Coim(f), or. loosely, M /Ker(f).
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Let M —5 N be a morphism such that Ker(f) and Coim(f) exist. Then f is the

by
composition of the canonical strict epimorphism M —— Coim/(f) and a uniquely defined

j
morphism Coim(f) LN

4.5.1. Lemma. Let M —25 N be a morphism such that Ker(f) and Coim(f) exist.
There is a natural isomorphism Ker(f) — Ker(py).

Proof. The outer square of the commutative diagram

’

Ker(f) —— x —
b f)l cart l l (1)
M Coim(f) J—f> L

is cartesian. Therefore, its left square is cartesian which implies, by 4.3.3, that Ker(py) is
isomorphic to Ker(f'). But, Ker(f') ~ Ker(f). m

4.5.2. Note. By 4.4.1, all squares of the commutative diagram

/

Ker(f) —— x

1d l cart l

. pr . (2)
Ker(jpy) —— Ker(jy) —— @

t(f) l cart l cart l

ps s
M —— Coim(f) —— L

are cartesian.

If Cx is an additive category and M L4 L is an arrow of C x having a kernel and

Jif
a coimage, then the canonical morphism Coim(f) —— L is a monomorphism. Quite a
few non-additive categories have this property.

4.5.3. Example. Let Cx be the category Algy of associative unital k-algebras. Since
cokernels of pairs of arrows exist in Algy, any algebra morphism has a coimage. It follows
from 4.2.1 that the coimage of an algebra morphism A — B is A/K(yp), where K(¢)
is the kernel of ¢ in the usual sense (i.e. in the category of non-unital algebras). The
canonical decomposition ¢ = j, o p, coincides with the standard presentation of ¢ as the
composition of the projection A — A/K(y) and the monomorphism A/K(p) — B. In
particular, ¢ is a strict epimorphism of k-algebras iff it is isomorphic to the associated

coimage map A e, Coim(p) = A/K(p).
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5. Right exact categories with initial objects.

5.1. Inflations and conflations. Fix a right exact category (Cx,&x) with an
initial object . We denote by Ex the class of all sequences of the form K M N )

where ¢ € €x and K %5 M is a kernel of e. Expanding the terminology of exact additive
categories, we call any such sequence a conflation.

Any kernel K %5 M of a deflation will be called an inflation. We denote by 9 x the
class of all inflations of the right exact category (Cx, €x).

5.2. A useful observation. Suppose that L Ly M is a deflation and M %5 N
a morphism having a kernel. Then it follows from 4.4.2 that the canonical morphism

Ker(gf) K er(g) is a deflation too, and we have a commutative diagram

Ker() —2% Kergf) — Kerlg)

| taf) | eart | ¥(o)

e(f) f
Ker(f) —— L — M

whose rows are conflations.
5.3. The property (1) and ’exactness’ of functors.

5.3.1. Proposition. Let (Cx, €x) and (Cy, Ey) be right exact categories with initial
objects. Suppose that the right exact category (Cy, €y ) satisfies the following property:

(1) if the rows of a commutative diagram
L —s M N
| | |
L — M N
are conflations and its right and left vertical arrows are isomorphisms, then the middle
arrow is an isomorphism.

—_—

—

Then the following conditions on a functor Cx N Cy are equivalent:
(a) F is an ’exact’ functor from (Cx,€x) to (Cy, Ey).
(b) F maps deflations to deflations and cartesian squares of the form

=

er(e) ——

E(e)l cart l (1)
M — N
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where M — N is a deflation and x an initial object, to cartesian squares.

Proof. The implication (a)=(b) follows from definition of an ’exact’ functor and does
not require any additional conditions.

(b)=(a). Let a functor Cx oy satisfy the conditions (b). We need to show that
F preserves arbitrary pull-backs of deflations.

Let M —*5 N be a deflation and N —L5 N an arbitrary morphism of C'y. Consider
the associated with this data diagram

e(e) —

f/
Ker(¢) — M —— M
%l cart ¢ cart l ¢ (2)
-
x — N —— N

with cartesian squares. By hypothesis, the functor Cx N Cy maps the diagram (2) to
the commutative diagram

F(e(e)) —_ F(f)

F(Ker(e)) —— F(M) —— F(M)

Flv) | cart F@ | | 7o) 3)

Flz) — F(N) ﬂ F(N)

whose left square is cartesian, as well as the outer square
F(e(e))
F(Ker(¢)) —— F(M)

F(v.) l cart l F(e) (3"

Since all vertical arrows of (3) are deflations, we can extend the diagram (3) to the
commutative diagram

Ker(F(v.)) —— Ker(F(e)) —— Ker(t) L Ker(F(e))

F(Ker(e)) re©) FOD — o -2 (M) (4)
F(ve) cart  F(e) t l cart l F(e)

Flo) — ) — my 2 e
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whose columns are conflations, right lower square is cartesian, and ¢ o ¢ = F(f’). By
4.3.3, the morphisms A; and Az in the upper row of the diagram (4) are isomorphisms.
The composition A3 o Ay o A1 is an isomorphism by the same reason, because the square

A2
(37) is cartesian. Therefore, Ker(F(¢)) —— Ker(t) is an isomorphism. Since the

property (f) holds in (Cy, €y ), the latter implies that the morphism F (]Tf ) s M is an
isomorphism. This shows that the functor F' preserves pull-backs of deflations. =

5.3.2. Corollary. Let (Cx,€x) and (Cy,€y) be right exact categories with initial
objects and F a functor Cx — Cy which maps initial objects to initial objects and
deflations to deflations. Suppose that the right exact category (Cy, Ey) has the property
(t) of 5.3.1. Then the functor F is ’exact’ iff it maps conflations to conflations.

5.3.3. Corollary. Let (Cx,€x) and (Cy,Ey) be additive k-linear right ezact cate-
gories and F' an additive functor Cx — Cy. Then the functor F is weakly ’exact’ iff it
s ‘exact’.

Proof. By 4.3.2.1, a k-linear functor Cx N Cy is a weakly ’exact’ iff it maps
conflations to conflations. The assertion follows now from 5.3.2. m

5.4. Right exact categories with the property (t).

5.4.1. Abelian and additive categories. It is well known (and easy to check) that
every abelian category has this property.

Any additive right exact category (Cy, €y ) has the property ().

In fact, applying the canonical ’exact’ embedding of (Cy, €y ) to the category Cy, of
sheaves of Z-modules on the presite (Cy, €y ), we reduce the assertion to the case when
the category is abelian (with the canonical exact structure).

5.4.2. Groups. One of the simplest non-additive examples of a right exact category
with the property () is the category of groups with the standard (that is the finest) right
exact structure.

5.4.3. An obvious observation: If (Cx,€x) and (Cy,€y) are right exact cate-
gories with initial objects and C'x N Cy a conservative functor which maps conflations

to conflations, then the property (f) holds in (C'x, €x), provided it holds in (Cy, €y ).

5.4.3.1. Example. Let k be a field and Cx the category Algy of k-algebras with
strict epimorphisms as deflations. The map which assigns to every k-algebra (A, k R A)

the cokernel of ¢ (more precisely, the cokernel of ¢, (k % A)) defines a conservative functor

Algy. 2 k — mod which maps conflations to conflations.

5.4.3.2. Note. This example is valid for arbitrary unital commutative ring k, if we

take as C'x the full subcategory 2lgy of the category Algy formed by k-algebras (A, k 5 A)
for which the structure morphism ¢ is a monomorphism.
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The following observation is more subtle than the one in 5.4.3 and much more helpful.

5.4.4. Lemma. Let (Cx,€x) and (Cy,€y) be right exact categories with initial

objects; and let Cx N Cy be a conservative functor which maps deflations to deflations
and cartesian squares
Ker(e) ——

x
£(e) l cart l (1)
M L
where ¢ is a deflation and x an initial object, to cartesian squares. Then the property (1)

holds in (Cx, €x) provided it holds in (Cy, €y).

Proof. Fix an initial object y of the category Cy. The diagram (1) corresponding to
a deflation M —— L gives rise to a diagram

Ker(F(e)) —— gy
J cart l
Ker(F(e)) ——  F(Ker(c)) —— F(x) (2)

id lz F(#(e)) l cart

F(e)

Ker(F(e)) —— F(M) F

|

—~

L)

whose two right squares are cartesian and two lower rows are conflations. If M —5 M is
a morphism such that e oy is a deflation and Ker(e o) = Ker(e), then it follows (from
the middle row of the diagram (2)) that this data extends (2) to the diagram

Ker(F(e)) — Yy
cart l
Ker(F(e)) —— F(Ker(e)) ——  F(x)
id lz F(¢(e)) icz(:f (3)
Ker(F(e)) —— F(M) — F(L)
id | F(7) id
Ker(F(eov)) —— F(M) M F(L)

whose lower row is also a conflation. If the right exact category (Cy, €y ) has property
(t), then the morphism F'(y) is an isomorphism. Since the functor F' is, by hypothesis,

conservative, this implies that M —— M is an isomorphism. m
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5.4.5. Corollary. Let (Cx,€x) be a right exact category with initial objects and
(Cy, €y) is a right exact k-linear category. Suppose that there exists a conservative ’exact’

functor (Cx,€x) RN (Cy, €y). Then the property (1) holds in (Cx,Ex).

Proof. The assertion follows from 5.4.4 and the fact that the property () holds for
k-linear right exact categories (see 5.4.1). m

5.4.6. Note. If (Cx, €x) and (Cy, €y ) are right exact categories with initial objects,

and the property (f) holds in (Cy, €y ), then, by 5.3.1, functor Cx £, Cy satisfying the
conditions of 5.4.4, are precisely ’exact’ functors from (Cx, €x) to (Cy, Ey).

5.4.7. Example. Let C'x be the right exact category (Algy, €®) of associative unital

k-algebras with strict epimorphisms as deflations. The forgetful functor Algy T k—mod
is conservative, maps deflations to deflations (that is to epimorphisms of k-modules) and,
as every functor having a left adjoint, it preserves limits; In particular, §. preserves pull-
backs. So that f. is an ’exact’ conservative functor from (Algx, €°) to the abelian category
k —mod. By 5.4.4, the right exact category (Algg, €®) has the property (}).

5.4.8. A general setting. Let (Cy, €y ) be a right exact category and Cx AR Cy
a conservative functor having a left adjoint, f*, and such that the class f;!(€y) consists
of universal (that is stable under base change) strict epimorphisms: f;!(€y) € €%. Then
f-1(€y) is a right exact structure on the category C'y and the functor f, is a conservative
‘exact’” functor from (Cx,f;1(€y)) to (Cy, Ey).

It follows from 5.4.4 that, if the categories C'x and Cy have initial objects and the
property (1) holds in the right exact category (Cy, €y ), then it holds in (Cx,f; 1(€y)).

The ’exact’ functor (Algy, €°) — k — mod (of example 5.4.7) is a very special case
of this setting, as well as its commutative version (C'Algy, €°) — k — mod.

Another example is the forgetful functor from the category Lie; of Lie algebras over
k to k —mod. Its left adjoint assigns to a k-module V' a free Lie k-algebra generated by V.

Both these cases and many others are instances of the categories of algebras over an
operad and their canonical forgetful functors considered in the next example.

5.4.9. Algebras over operads. Fix a symmetric additive monoidal category C~ =
(C,®,1,a,l,7;8) (here 5 is a symmetry, Bxy : X ®Y — Y ® X). Let S denote the
category objects of which are sets [n] = {1,...,n}, n > 1, and [0] = () and morphisms are
bijections. Denote by CS the category of functors S — C. In other words, objects of CS
are collections M = (M (n)| n > 0), where M (n) is an object of C with an action of the
symmetric group S,.

The category C3 acts on the category C by polynomial functors:

M:Ve—s MV)=@Mn) o, V" (4)

n>0
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The composition of polynomial functors is again a polynomial functor. This defines
a tensor product, ®, on CS called the plethism product. We denote the corresponding
monoidal category (CS,®,1g) by C~S. Here 1g is the unit object 1s. One can see that
1s(n) = 0 if n # 1 and 1g(1) is the unit object of the category C~. Thus we have an
action € of the monoidal category CS on the category C.

Algebras in the monoidal category C® are called operads, or C™~-operads. For each
operad R, the corresponding category of R-modules is usually called the category of R-

algebras. This terminology is, of coarse, due to the same example Algy, Ty k — mod.

Fixing any right exact structure on the category C, we obtain the induced structures
on the category of algebras over an operad R. By the observation 5.4.8, the obtained this
way right exact category of R-algebras has the property ().

5.4.10. Example. A simple special case of 5.4.9, which is not reduced to the category
of algebras over an operad is the category R\ Algy of k-algebras over a k-algebra R and
the forgetful functor, f., from R\ Algy to the abelian category R ®; R°-modules (or, what
is the same, k-central R-bimodules). Its left adjoint, f* maps every R ®j R°-module M
to the tensor algebra Tx (M) with the natural morphism R — Tr (M) (which identifies
the k-algebra R with the zero component of T’z (M).

5.5. A digression: the property (}) without initial objects. Let (Cx,€x)

be a right exact category. Let ©x denote the class of morphisms M —— 9t having the
following property: there exist a deflation 9t — £ such that ¢ oy is also a deflation and
a cartesian square

M — vy
N l cart l A (1)
M o

such that the square

M—e>

M v
fyo)\’l cart J)\ (2)
m — L

1S cartesian too.

5.5.1. Proposition. Let (Cx,€x) be a right exact category and Lx the class of
arrows of the category Cx defined above.

(a) The class Xx is stable under pull-backs along deflations.

(b) The intersection Lx N Ex coincides with the class €5 of all deflations ¢ whose
pull-backs contain isomorphisms.
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(¢c) If the category C'x has initial objects, then ¥ x consists of all morphisms M SAN))
having the following property: there exist a deflation M — L such that e oy is also a
deflation and the natural morphism Ker(e o) — Ker(e) is an isomorphism.

(d) If the category Cx has initial objects, then the class QS?( consists of all deflations
with trivial kernels.

Proof. (a) Let M —= 9 be a morphism from Yy, M —— £ a deflation such that
¢ oy is a deflation and V Ay £ an arrow which give rise to the cartesian squares (1) and

(2) above. For any deflation 91 —15 9M, consider the commutative diagram

N s M sy
A’ J cart N cart l)\
t1 eory
N — M — L (3)
fy’l cart ’yl lidg
t

with three cartesian squares as indicated. Since the square built of cartesian squares is

cartesian, the square
~ eot

1\/ )f
N cart A (4)
ecoyoty
N —

is cartesian; and eoyot; = (eot) o~ .
By a similar reason, since the square (2) is cartesian, the square

~ eot

— VY
7' o )\”l cart l A (5)
ot
N —s L
is cartesian. This shows that the pull-back +" of the morphism ~ belongs to X x.
(b) If M -5 91 is a deflation such that a pull-back, 7, of y along along some morphism
Y 2 Lisan isomorphism, then we obtain the cartesian squares (1) and (2) with ¢ = id,.
This shows the inclusion G(;E( C Y xNeEx. Conversely, let v € ¥x N€&x, and let (1) and (2)
are cartesian squares. Since v is a deflation, it can be pulled back along any morphism.
Therefore, we can decompose the diagram (1) into two squares:

©
e

M- oM y
)\'l 'yo)\’l cart l)\ (6)
M — m — L
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Since the right square in (6) is cartesian and the composition of these two squares —
the square (1), is cartesian, the left square is cartesian too. This shows that vy € (’Eg?; hence
the inverse inclusion X x N Ex C Qfg?.

(c) Suppose that the category Cx has an initial object, z. Let M —» 9 be a
morphism from ¥ x and (1) and (2) the cartesian squares acknowledging this fact. Pulling

back the deflation M — V along the unique arrow z —s V (see (1) and (2) above), we
obtain the diagrams

O Y
Ker(¢) — M —— M

l cart ¢ l cart l cory (7)
x — V % L
and

E(’;) — ~yo
Ker(¢e) — M —— M

l cart El cart l ¢ (8)
A
x — y — L
built of cartesian squares. It follows from (7) and (8) that Ker(e) = Ker(e), and we

obtain, instead of (1) and (2), the cartesian squares

Ker(e) —— =« Ker(e) —— =
l cart l and l cart l
L L

So that the object V in the diagrams (1) and (2) can be replaced by z.
(d) If some pull-back of a morphism M — £ can be included into a cartesian square

M —— M
5 l? cart l v
L —— L
whose left arrow is an isomorphism, than, by 4.3.3, Ker(y) = Ker(s) and Ker(s) is an
initial object. m

5.5.2. Note. Because of 5.5.1(d), the arrows of €% are called deflations with trivial
kernel, even if the category C'x does not have initial objects.

5.5.3. The property (). We say that a right exact category (Cx,€x) has the
property (1) if the class of morphisms ¥ x consists only of isomorphisms.
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If follows from 5.5.1(b) that if (Cx,€x) has the property (1), then the class &% of
deflations with trivial kernel also consists of isomorphisms; in particular, ¥x = Qfg‘)(.

5.5.4. Proposition. Let (Cx,€x) and (Cy,€Ey) be right exact categories and
(Cx,€Cx) N (Cy, €y) an ’exact’ functor. Then F(Xx) C Xy.

Proof. The fact that M — 901 belongs to X x means that there exist cartesian squares

M — v M — vy
N cart A and yo N cart A (9)
[ o] [ ]
M — L m — L

in which all horizontal arrows are deflations. Since the functor F' is ’exact’, it preserves
deflations and their pull-backs. In particular, it maps the cartesian squares (9) to cartesian
squares whose horizontal arrows are deflations, hence F(y) € ¥x. m

5.5.5. Corollary. Suppose that an ’exact’ functor (Cx, €x) N (Cy, €y) is conser-
vative and the right exact category (Cy, €y ) has the property (7). Then (Cx,&x) has this
property.

Proof. By 5.5.4, the ’exactness’ of F' implies that F'(Xx) C Xy. The property (t)
for (Cy, €y) means that Xy coincides with the class Iso(Cy) of all isomorphisms of the
category Cy. Since F' is conservative, this implies that ¥ x = Iso(Cx). m

There is also a more general version of Proposition 5.3.1:

5.5.6. Proposition. Let (Cx,&x) be a right exact category with initial objects and
(Cy, €y) a right exact category with the property (). Then the following conditions on a

functor Cx i> Cy are equivalent:
(a) F is an ezact functor from (Cx,€x) to (Cy, Ey).
(b) F maps deflations to deflations and cartesian squares

Ker(e) —— =z
£(e) l cart l
M —5 N
where ¢ is a deflation and x an initial object, to cartesian squares.
Proof. We need to show that a functor satisfying the conditions (b) maps any cartesian

square

’

M — M
3 l cart l ¢
M

N —— N
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whose vertical arrows are deflations to a cartesian square. The argument is similar to that
of 5.3.1, only instead of the diagram 5.3(4), we take the diagram

F(Ker(e)) 7;—d> F(Ker(e)) L F(Ker(e)) Z.—d> F(Ker(e))

i ! ! !

F(Ker(e)) ) F(M) — m . PO (10)
F(v.) cart  F(¢) t l cart l F(e)
~ id ~ F(f)
Flz) — F(N) —— F(N) — F(N)

which is obtained taking the pull-backs of the lower vertical arrows in (10) along the
morphisms F(x — N) and F(x — N). Here ¢ o) = F(f’). Since the composition of

all upper horizontal arrows is an isomorphism, the arrow F(Ker(e)) 22 (Ker(e)) is an

isomorphism too. This implies that the arrow F (M) 2, belongs to Xy
In fact, since the composition of three lower squares is, by hypothesis (b), a cartesian
square, the composition of the two left lower squares is cartesian too. Together with the

extreme left lower cartesian square, this gives the criteria that F (M ) s oom belongs to
Yy . Since Xy = Iso(Cy ), the morphism ¢ is an isomorphism, hence the square

~  F()
(M) —— F(M)
F(¢) l cart l F(e)

N) ﬂ F(N)

is cartesian. m

5.5.7. Examples of deflations with trivial kernel.

5.5.7.1. Non-empty sets. Let C'x be the category Sets* of non-empty sets and €x
the class of all surjective maps — the canonical right exact structure. The category Sets*

does not have initial objects. One can see that a map M T4 N has a trivial kernel iff
there is an element y € A such that §71(y) consists of one element. So that if the set N/
has more than one element, then most of deflations to N having a trivial kernel are not
bijective maps.

5.5.7.2. Non-zero non-unital algebras. Let C'x be the category of non-unital
non-zero k-algebras and non-unital k-algebra morphisms with the canonical right exact
structure: deflations are surjective homomorphisms. Then any deflation with a trivial
kernel is an isomorphisms.



44 Chapter 1

6. Fully exact subcategories of a right exact category.

6.1. Definition. Let (Cx, €x) be a right exact category with initial objects. We call
a full subcategory B of Cx a fully exact subcategory of the right exact category (Cx, €x),
if B contains the initial object x and is closed under extensions; i.e. if objects K and N in
a conflation K —— M —» N belong to B, then M is an object of B.

In particular, fully exact subcategories of (Cx, €x) are strictly full subcategories.

6.2. Example. Let (Cx, €x) be a right exact category with an initial object, x; and
let Cx, be the full subcategory of C'x generated by all objects L such that the unique
arrow x — L is a monomorphism. Notice that if L is an object of Cx,_ and M —= L a
deflation, then M is an object of C'x  too. In fact, it follows from the diagram

Ker(e) —— =
£(e) l cart l
M — L

t(e)
with cartesian square that Ker(¢e) —— M is a monomorphism and z — Ker(e) is a

split monomorphism, hence their composition, x — M, is a monomorphism.
In particular, Cx,, is a fully exact subcategory of (Cx, €x).

6.2.1. If (Cx, €x) is the category Algy of associative unital k-algebras with the finest
right exact structure, then Cx _ coincides with its full subcategory 2lg; generated by k-
algebras A for which the structure morphism k& — A is a monomorphism (it already
appeared in 5.4.3.2).

6.3. Proposition. Let (Cx,€x) be a right exact category with an initial object x

and B its fully exact subcategory. Then the class €x g of all deflations M —~+ N such
that M, N, and Ker(e) are objects of B is a structure of a right exact category on B such
that the inclusion functor B — Cx is an ’exact’ functor (B,€x g) — (Cx,€x).

Proof. (a) We start with the invariance of €x ;5 under base change. Let

M — N
Elcartlg
M — N

be a cartesian square such that ¢ (hence ¢) is a deflation and the objects M, N, Ker(e),
and N belong to B. The claim is that the remaining object, M, belongs to B.
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In fact, consider the diagram

e(e) — . ~
Ker(¢) —— M —— N

g’l §l cart lg (1)

E(e) 4
Ker(¢) — M —— N

Since its right square is cartesian, it follows from 4.3.3 that the canonical morphism

Ker(e¢) 2, Ker(e) is an isomorphism; i.e. the upper row of the diagram (1) is a
conflation whose ends, Ker(¢) and N, are objects of B. Since B is fully exact, the middle

object, M , belongs to B, which means that the deflation M- N belongs to €x 5.
(b) The invariance of €x 5 under base change implies that it is closed under composi-

tion. In fact, let L — M Y N be morphisms of €x 5. By 4.4.1, we have a commutative
diagram

~ y
Ker(ts) BRI Ker(s) —— =

t(ts) l cart l t(s) cart l in (2)
L 25 M —5 N

£(s)
whose squares are cartesian. Since s belongs to €x s, its kernel Ker(s) —— M is an
e(ts)
arrow of B. Applying (a) to the left cartesian square of (2), we obtain that Ker(ts) —— L

is an arrow of B, which means that ts € €x 3.

(c) Each isomorphism of the category B belongs to the class €x g, because each
isomorphism is a deflation and its kernel is an initial object, and, by hypothesis, initial
objects belong to B. m

6.4. Remark. Let (Cx, €x) be a right exact category with an initial object = and
B its strictly full subcategory containing x. Let & be a right exact structure on B such

that the inclusion functor B = Cx maps deflations to deflations and preserves kernels
of deflations. Then € is contained in €x . In particular, € is contained in Ex g if the
inclusion functor is an ’exact’ functor from (B, €) to (Cx,€x). This shows that if B is
a fully exact subcategory of (Cx, €x), then €x 5 is the finest right exact structure on B
such that the inclusion functor B — Cx is an ’exact’ functor from (B, €x g) to (Cx, €x).

7. Exact k-linear categories and their fully exact subcategories.

7.1. Definition. An ezact k-linear category is a right exact k-linear category whose
class of inflations is stable under arbitrary push-forwards.
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We denote by FxCaty, the category whose objects are exact k-linear categories and
morphisms ’exact’ k-linear functors, that is k-linear functors which map conflations to
conflations.

7.1.1. Observations. For any right exact category (Cx,€&x), all arrows from an
initial object are (kernels of identical morphisms, hence) inflations. So that the category
Cx has finite coproducts iff push-forwards of inflations of initial objects exist. Moreover,
if these push-forwards are inflations, then coprojections of summands in a finite coprod-
uct are inflations. In particular, any exact k-linear category is additive and all its split
monomorphisms are inflations, or, equivalently, all its split epimorphisms are deflation.

7.1.2. Note. It is easy to see that our definition of an exact k-linear category is
equivalent to the one given by Keller and Vossieck [KeV] (see Appendix K).

7.2. Examples of exact categories.

7.2.1. The smallest exact structure. For any additive k-linear category C'x, let
@éfl denote the class of all split epimorphisms. The pair (Cy, (’Ei?l) is an exact category.

It follows from 7.1.1 that QE;?Z is the smallest exact structure on Cx.

Let Cx and Cy be additive k-linear categories. Every k-linear functor C'x N Cy

is an ’exact’ functor (Cy, G_S)fl) N (Cy, & "). The map which assigns to an additive k-
linear category C'x the exact category (Cy, Q‘Ei?l) and to a k-linear functor the correspond-
ing ’exact’ functor is a full embedding of the category Addj of additive k-linear categories
and k-linear functors to the category ExCat; of exact k-linear categories and ’exact’ k-

linear functors. This embedding is a left adjoint to the forgetful functor ExCat, — Addy.

7.2.2. The category of complexes. Let C(A) be the category of complexes of
an additive k-linear category A. Deflations are morphisms M® —— N*® such that the
morphism M™ — N™ is split for every n € Z.

7.2.3. Quasi-abelian categories. A quasi-abelian k-linear category is an additive
k-linear category C'x with kernels and cokernels and such that every pullback of a strict
epimorphism is a strict epimorphism, and every pushout of a strict monomorphism is a
strict monomorphism. It follows from definitions that the pair (Cx, €), where €, is the
class of all strict epimorphisms in C'x, is an exact category.

7.2.3.1. ’Exact’ functors from a quasi-abelian category. Let (Cx,€x) and
(Cy, €y ) be exact k-linear categories. If (Cx, €x) is quasi-abelian, then a k-linear functor

Cx -5 Cy is an "exact’ functor from (Cx, €x) to (Cy, €y ) iff it preserves finite limits and
colimits. This follows from the fact that all k-linear functors preserve finite coproducts,
which coincide with the products in additive case, and the functors mapping strict epimor-
phisms of C'x to strict epimorphisms of Cy are precisely those functors which preserve the
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cokernels of pairs of morphisms. Dually, the functors which map strict monomorphisms to
strict monomorphisms are the functors preserving kernels of pairs of arrows.
In other words, ’exact’ functors in this case are precisely exact functors.

7.2.3.2. Abelian categories. Abelian k-linear categories are quasi-abelian k-linear
categories in which every epimorphism is strict.

7.2.4. Filtered objects. Let (Cx,€x) be an exact k-linear category. Objects of
the filtered category §(Cx, Ex) are sequences of inflations

M= (... — My 2% My —...)

such that M,, = 0 for n < 0 and j,, are identical isomorphisms for m > 1. We denote by
M the object M,, for m > 1 and regard M as a filtration of the object M.
Morphisms of filtered objects are defined in a natural way: a morphism from

M= (..— My 2% My —..) to M=(..— M, 22 Mys1 —...)

is a sequence of morphisms M,, 2% L,, for each n making the diagrams

Mn ]—"> Mn—|—1
In l l 9n+1

— S —
M, —— My,
commute for all n € Z. Deflations are morphisms whose components belong to €x.

Since inflations are monomorphisms, every morphism M (gi; M of filtered objects
is determined by a morphism M, TN /\700, which is the notation for the morphism
M, 2= Mm when m > 1. So that a morphism M — M of filtered objects can be
viewed as a morphism M, — Moo of the category Cx which is compatible with the
filtration of these objects.

7.2.4.1. Remarks. (i) Notice that, for any nonzero k-linear exact category (Cx, €x),
the category §(Cx,€x) is non-abelian. This follows from the fact that, for any nonzero
object M of the category Cx, the morphism (0,ids) from the filtered object (0 — M) to

(M Dy ) is a bimorphism (- both mono- and epimorphism), which is not invertible.
(ii) The class of quasi-abel