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Abstract: In this talk, we study equicontinuity and sensitivity in the mean sense. We
show that every ergodic invariant measure of a mean equicontinuous (i.e. mean-L-stable)
system has discrete spectrum. Dichotomy results related to mean equicontinuity and mean
sensitivity are obtained when a dynamical system is transitive or minimal. Localizing the
notion of mean equicontinuity, notions of almost mean equicontinuity and almost Banach
mean equicontinuity are introduced. It turns out that a system with the former property
may have positive entropy and meanwhile a system with the later property must have zero
entropy.

By a topological dynamical system (X ,T ) we mean a compact metric space X with a
continuous map T from X into itself; the metric on X is denoted by d.

A dynamical system (X ,T ) is called equicontinuous if for every ε > 0 there is a δ > 0
such that whenever x,y ∈ X with d(x,y) < δ , d(T nx,T ny) < ε for n = 0,1,2, . . . , that is,
the family of maps {T n : n ∈ Z+} is uniformly equicontinuous. Equicontinuous systems
have simple dynamical behaviors. It is well known that a dynamical system (X ,T ) with T
being surjective is equicontinuous if and only if there exists a compatible metric ρ on X
such that T acts on X as an isometry, i.e., ρ(T x,Ty) = ρ(x,y) for any x,y ∈ X . Moreover,
a transitive equicontinuous system is conjugate to a minimal rotation on a compact abelian
metric group, and (X ,T,µ) has discrete spectrum, where µ is the unique Haar measure on
X .

When studying dynamical systems with discrete spectrum, Fomin [8] introduced a no-
tion called stable in the mean in the sense of Lyapunov or simply mean-L-stable. A dy-
namical system (X ,T ) is mean-L-stable if for every ε > 0, there is a δ > 0 such that
d(x,y) < δ implies d(T nx,T ny) < ε for all n ∈ Z+ except a set of upper density less than
ε . Fomin proved that if a minimal system is mean-L-stable then it is uniquely ergodic.
Mean-L-stable systems are also discussed briefly by Oxtoby in [26], and he proved that
each transitive mean-L-stable system is uniquely ergodic. Auslander in [2] systematically
studied mean-L-stable systems, and provided new examples. See Scarpellini [27] for a
related work. It is an open questions if every ergodic invariant measure on a mean-L-stable
system has discrete spectrum [27]. We will give an affirmative answer to this question.

We introduce equicontinuity in the mean sense, more precisely, a dynamical system
(X ,T ) is called mean equicontinuous if for every ε > 0, there exists a δ > 0 such that
whenever x,y ∈ X with d(x,y)< δ ,

limsup
n→∞

1
n

n−1

∑
i=0

d(T ix,T iy)< ε.

We show that a dynamical system is mean equicontinuous if and only if it is mean-L-stable.
We also show each dynamical system admits a maximal mean equicontinuous factor, and
mean equicontinuity is preserved by factor maps. We remark that studying dynamical
properties in the mean sense is an interesting topic, see [25] for the research on mean
distality and [7, 19] for the investigation on mean Li-Yorke chaos.

The notion of sensitivity was introduced when studying the complexity of a dynamical
system, and it is a part of the known definition of chaos in the Devaney sense. We say that
a dynamical system (X ,T ) has sensitive dependence on initial condition or briefly (X ,T )
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is sensitive if there exists a δ > 0 such that for every x ∈ X and every neighborhood U of
x, there exists y ∈U and n ∈ N such that d(T nx,T ny)> δ .

When considering the opposite side of sensitivity the notion of equicontinuity at a point
appears naturally, see [15]. That is a point x ∈ X is called an equicontinuous point (or
(X ,T ) is equicontinuous at x) if for every ε > 0 there is a δ > 0 such that for every y ∈ X
with d(x,y) < δ , d(T nx,T ny) < ε for all n ∈ Z+. If every point in X is an equicontinu-
ous point then by the compactness of X the dynamical system (X ,T ) is equicontinuous.
A transitive system is called almost equicontinuous if there is at least one equicontinuous
point. Almost equicontinuous systems have been studied intensively and have many appli-
cations. For example, the enveloping semigroup E(X) is metrizable if and only if (X ,T ) is
hereditarily almost equicontinuous [14].

We know that if (X ,T ) is almost equicontinuous then the set of equicontinuous points
coincides with the set of all transitive points [1], it is uniformly rigid [15] and thus has zero
topological entropy [13]. We have the following dichotomy results. If (X ,T ) is minimal,
then (X ,T ) is either equicontinuous or sensitive [4]; and if (X ,T ) is transitive, then (X ,T )
is either almost equicontinuous or sensitive [1].

Inspirited by the above ideas, we will introduce notions of almost mean equicontinuity
and mean sensitivity. A point x ∈ X is called mean equicontinuous if for every ε > 0, there
exists a δ > 0 such that for every y ∈ X with d(x,y)< δ ,

limsup
n→∞

1
n

n−1

∑
i=0

d(T ix,T iy)< ε.

A transitive system is called almost mean equicontinuous if there is at least one mean
equicontinuous point. A dynamical system (X ,T ) is called mean sensitive there exists a
δ > 0 such that for every x ∈ X and every neighborhood U of x, there exists y ∈U and
n ∈ N such that

limsup
n→∞

1
n

n−1

∑
i=0

d(T ix,T iy)> δ .

We show that if a dynamical system (X ,T ) is minimal, then (X ,T ) is either mean
equicontinuous or mean sensitive, and if (X ,T ) is transitive, then (X ,T ) is either almost
mean equicontinuous or mean sensitive. Unlike the case of almost equicontinuous sys-
tems, we show that for almost mean equicontinuous systems the set of transitive points is
contained in the set of all mean equicontinuous points and there are examples in which
they do not coincide. It is unexpected that there are almost mean equicontinuous systems
admitting positive topological entropy, while every almost equicontinuous system has zero
topological entropy.

Thus it is natural to seek a class of mean equicontinuous systems for which the local-
ized systems at least have zero entropy. We find the class of Banach mean equicontinuous
systems obtained by replacing small upper density with small Banach density in the def-
inition of mean-L-stable systems is the right one. Namely we show that almost Banach
mean equicontinuous systems have zero topological entropy, and this implies that the al-
most mean equicontinuous systems admitting positive topological entropy are not almost
Banach mean equicontinuous. The deep reason of this is that in a transitive system a tran-
sitive point can only approach a “chaotic subsystem” for time segments, which may result
large Banach density and at the same time small upper density.
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