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(I) Categorising Calculus



f: A→ B real - valued function
( cts

,
differentiable

,
- -

- )

f' (x) = line fcxth) - fix)
h-30

.

h

TAYLOR 's THM

fix, =,
f '!!? ← fcxi-lnigzp.IN

where n

pin - Eof"!Y



CONSTANT APPROXIMATIONS

f : IR-R constant if fox) -- a Fx .

→ pdx) = fca) where AEIR is the expansion

point.

ehahdanotopyeqiv .
F : Topi stops CONSTANT if F(X) = FLY)

DEF Po FCV) = FCA)



LINEAR FUNCTORS

* f : IR→R LINEAR if

fcxty) - Fox,- Fey) + fco) - O .

Motivation

^ It
*
: Top,+

> gab← graded Abelian groups .

"
t
"

tT*( XFY) =tT*Cx)④H*lY)

More generally , #* has a Mayer -Vietoris
sequence.



^ tT* : Top,+
' gab

More generally , #* has a Mayer -Vietoris
sequence:

- - - > tT*(unv)- HIM HIM ' II
* few) s- n .

* Can think of Ttx as a linear approximation
to IT# i

thx)
h
. HICX)

which
,
if X K- connected

, is Iso . *Ek -11

surj * = K-12 .



2 Stable homotopy : ITE : Top,+ 'gab .

DEF A SPECTRUM E is a sequence of

spaces
{En}neiN together with maps

En > Rent .
,
then .

Every space gives a spectrum and vice versa :

E
'? Top,±

'

SP : RF ''

E ↳ Eo
"

DEF iT*slX)=tT*( SEE' - X .



2 Stable homotopy : ITE : Top,+ 'gab .

.

* Its generalised homology theory and has

Mayer -Vietoris sequence .

* t*CX)→T* (x)

X k- connected ⇒ iso * E 2K

svrj *= 2K-17 .

Functor calculus is STABLE DATA

converging to UNSTABLE DATA .



REMARK Both TT# t) & txt) are

obtained by applying txt) to functors

Topi ' Topi .

e.g . tT( x) =t*( e- ( Hk xx))
,

TECH #*( SEE-x)



" linear "

DEF A functor F is 1 - EXCISIVE if for

any
Xo ' X,

v Th V

Xz > Xlz

the square

FCXO) > FIX ,)
ht

v v

F- (Xa) sF(Xia) .



* F t - excisive ⇒ IT*F has Mayer -Vietoris
sequences .

Unv s v

✓ Th v

U s Uuv



Example

tT*lx)±t*r4HZxX) :

1- (HIA -) is 1 - excision .

In fact
,
I( Ea -) is 1 - excise for

any spectrum E .



LINEAR APPROXIMATION

X > CX FCX) > FCCX)

F
>

✓
Th

u

CX 'EX FED > FLEX)

* F T - excisive :

FH)
~
' FCCX) .fi#Fkx)=:T.FCX)E

I



IDEA IF is closer to linear than F .

Tn (ITF) is closer to linear than ITF .
\

:

DEF BF hocolim ( F→IF →T,'t→ . . .)

is the LINEAR APPROXIMATION of
F

.



THEOREM [GoodWillie]

* P
,
F is 1 - excisive

.

* F t - excisive ⇒ F =P
,
F

* Py F is UNIVERSAL :

←
liner

F ' G

s

v v

Pg F ' PYG



EXAMPLE Id : Top,+ > Top,+

*
is NOT LINEAR

.

(
every pushout is not a pullback .)

* has an interesting calculus
.



HIGHER POLYNOMIALS

* f : IR- IR QUADRATIC if

fcxtytz) - fcxty) - - . .
- O .

→

"

polynomial of degree En
"

DEF F is n - Excels 'VE if for any
strongly homotopy cocartesian (na) - cube X ,

FCK) is homotopy Cartesian .



A picture for n=2 .

Xo s %
, f- (Xo) HTXD

✓Xz
> Xzz I

✓ Ff# F(Xzs)
✓ v

us
✓ v

Xi
v

> X's
✓ FH) ( ' FNB)

✓
,
V>Xiz 5×123

SFM > Flxizs)



HIGHER APPROXIMATIONS

* Can play the same game
with n - excisire

functors and define Tnt and Pnf for
all new .



THEOREM [GoodWillie]

* Pnf is n - excisive
.

* F
n - excisive ⇒ F = Pnf

* Pnf is UNIVERSAL :

←
n - excessive

F ' G

s

v v

Pnf ' PNG



"

ERROR
"

TERMS

* Classically , pncx) - pm ,(x)
= f

'"
co)x
"

n !

* Homotopically ,

Dnt → Put → Pn
. . F .

[ homotopy fibre



H 11

A FORMULA FOR ERRORS

n-- T D F ' RF > FCK)
.^

"

Pof CX)
THEOREM [Goodwill ie]

F : Top,+
' Top,+ 1 - excisive

, reduced and

finitary . Then ←Spectrum

.

FCN - re ( E xx)
Pastderivative .

looks like i fcx, = ex for

C a constant



THEOREM [Goodwill ie]

F : Top,+
' Top,+ 1 - excisive

, reduced and

finitary . Then
F-CX) - ICE xx)

Ronk

* F Linear ⇒ TAF homology theory
& the classification theorem is a version

of Brown representability .



THEOREM [ Goodwillie]

→
Pn
-
if- *

F is n- excessive
,
n- reduced and finitary .

Then
,

f- (x) elf 2nF a X "" )hEin
In
- th
derivative .

looks like : fcnyo) >en

n !

E - g .
Dnf is n -excision

, n -
reduced and

finitary .



TAYLOR SERIES → TAYLOR TOWER

F

L e s s

. . . > Pnf spn.at s - - - > BF > Pot
n n n

Dnf Dnf Dnf

However
, linmpnf # F.



(II) The identity functor



THE LINEAR APPROXIMATION

* Told = CX xhxcx - * * - REXE E

* Rtd (x) - hocolim ( X 'REX >SEEK >

- e-EX
=: QX

.

* IT#( lol CX) > Rldcx)) is it* (x) s
' ITE (x)

.



* In fact
,
Id .

- Top,+
'

Top,+ is not n-excise

for any n .

* X t - connected ⇒ X - line Pnldcx) .

* Pnldlx) is very complicated .

THEOREM [ Arone- kankaanrinta]

Pnldlx) -Tot RQX '
'

,
PNQZX

' ÷ . . .
Is

LIIDMQZX



THE DERIVATIVES

Recall : Dn FCX) - RT ( 2nF a X"") h-2in .

THEOREM E Johnson
,
throne- Mahowald]

There is a finite CW - complex kn , such that

dntd-mapfkn.is)

⇒ Dnldcx) -Ri Map
*
(kn

,
X'
"then



Rule kn - ¥5!

If X = Sa
- ' (new) :

THEOREM [ Serre)

X- re X is a rational equivalence .

THEOREM [ Arose- Mahowald]

The tower at X is rationally constant .



THEOREM [ Ching]

The ( symmetric) sequence yen
c)* ( Id) - { dnlld)}new Qld

forms an operad in spectra .

In particular, d*( Id) - Comm!

* Chain rule : d*CGoF) - ECG)
µ,
# (F)



(E) Other versions of functor calculus .



- Orthogonal calculus [Weiss]

Vector > Top*

2 Manifold Embedding calculus :[ Goodwillie-Weiss]

M a manifold
,

OCMYP > Top*

3 Abstract homotopy theories :[ Kuhn , Lurie]

e s D
with 40 model categories / o - categories .



4 Equivariant :[Botto)

Top# > Top#

5 Algebraic versions : Johnson - McCarthy(
Bauer - Johnson - McCarthy)

A ' B
,
A,B abelian .


