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A vague question: Given two abelian varieties X, Y of the same
dimension over an algebraically closed field,

find an easy “purely algebraic” way (under natural additional
conditions) to decide whether they are non-isogenous (X % Y).

We deal with hyperelliptic jacobians X = J(Cs), Y = J(Cp),
where
m f(x), h(x) are polynomials of the same degree n > 3 without
repeated roots;
m Cr and Cp are smooth projective models of plane affine curves
y? = f(x), y? = h(x), respectively.

Wanted: easy to check conditions on f and h that give:

J(Cr) 7 J(Ch).
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f(x), h(x) € C[x] are two cubic polynomials.
When Cf 7// Ch?

Guess: The polynomials should be very different (7).

Example: Assume that there is a subfield K C C such that

A: f(x), h(x) € K[x];

B: f(x) is irreducible over K, h(x) is reducible over K.

May be, then Cr & Cp?
Not always: Counterexample: K = Q:

f(x) = x> — 2 irreducible, h(x) = x3 — 1 reducible. Curves

Cr: y2 =x3-2and Cy: y2 = x3—1 are even isomorphic over C.
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It's essentially the only counterexample. Namely,

Proposition 1 (Z, 2021).

Let f, h, K be such that
A: f(x), h(x) € K[x];
B: f(x) is irreducible over K,
h(x) is reducible over K.

If the elliptic curves Cr and Cp are isogenous then they both
are isogenous to y? = x> — 1.
ssumptions

-

LA
Idea of proof Isogeny exists

3 isogeny ¢ not defined over K Galoss

3 another isogeny 9 : Cf — C; that is a Galois conjugate of ¢
such that ¢ = c o 1), where ¢ € End®(C;,)* has order 3 —

End®(Cp) D Q(c) = Q(v=3).
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Proposition 2, (Z, 2021).

Let f, h, K C C be such that both f(x), h(x) € K[x] are irreducible
cubic polynomials with non-isomorphic Galois groups.

Then Cf' ,74 Ch.

Remark. Since both f, h are cubic, we may assume that
Gal(f/K) = S3, Gal(h/K) = As.

Proposition 3, (Z, 2021).

Let f, h, K C C be such that both f(x), h(x) € K[x] are irreducible
cubic polynomials with both Galois groups = Ss;.

If the splitting fields of f(x) and h(x) are linearly disjoint over K
then Cr A Cp.
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Example 2. K=Q, a€Z,
ha(x) = x3 —ax? — (a+3)x — 1 € Q[x].

m h,(x) is irreducible and Gal(h,/Q) = A3 (D. Shanks, 1974).
m By Prop. 2, if f(x) € Q[x] is any cubic irreducible polynomial
with Gal(f/(@) = S3 then Cr Cha-

m In particular, one may take f(x) = x3 — 2 or x3

—x—1
m Since G, is not isogenous to y? = x3 — 2, it is not isogenous
to y? = x3 — 1 as well.

m By Prop. 1, Cp, # C, for any cubic reducible polynomial
u(x) € Q[x] without repeated roots.
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m The hyperelliptic jacobians J(Cr) and J(Cp) are
g-dimensional abelian varieties over K.

We are interested in their endomorphisms, homomorphisms,
isogenies that are defined over K.
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The main ingredients of the proofs are Key Lemma, Special
Case of Theorem 1, and Useful Lemma.

Notation and assumptions
X - an AV of dimension g over a field K, char(K) # 2.
d - positive integer that is not divisible by char(K),

X|[d] - the kernel of multiplication by d in X(K).

Facts
(i) X[d] is a free Z/dZ-submodule of rank 2g and the
Gal(K)-submodule of X(K).
(i) Kyx C K - the (sub)field of definition of all points from X[d]
is a finite Galois extension of K.
Gg,x = Gal(Ky x/K) stands for the Galois group of this

extension.
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X = J(Cf), Y = J(Cp) where f(x), h(x) € K[x] - odd degree
polynomials without repeated roots. =

K(X[2]) = K(Ry), G2x = Gal(f/K);
K(Y[2]) = K(Rp), Goy = Gal(h/K).
= K(Y[2]) = K iff h(x) splits completely over K.

Remark Gal(f/K) is doubly transitive iff the centralizer of Gy x
in Endp,(X[2]) is F2 (S. Mori, 1977).
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Suppose that
m char(K) # 2;
m n=2g+ 1is a prime such that 2 mod n a primitive root; X

and Y are g-dimensional abelian varieties over K that are
isogenous over K;

m Koy = K (i.e. all order 2 points on Y are defined over K);
m degree [K> x : K] is divisible by n.
Then both X and Y are abelian varieties of CM type over K with
multiplication by the nth cyclotomic field Q(¢,).
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Useful Lemma

Lemma, (Z, 2003)

Let X and Y are positive-dimensional abelian varieties over K that
enjoys the following properties.

(i) The Gal(K)-module X[2] is absolutely simple.

(i) The Gal(K)-module Y[2] is simple.
(iii) The fields K(X[2]) and K(Y[2]) are linearly disjoint over K.
Then:

The Gal(K)-module Homp, (X[2], Y[2]) is simple.

Either
Hom(X, Y) = {0}, Hom(Y, X) = {0}
or char(K) > 0 and both X and Y are supersingular abelian
varieties.



