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Throughout this paper, by a topological dynamical system (t.d.s. for short) we
mean a pair (X,T ), where X is a compact metric space and T is a homeomorphism
from X to itself. A measurable system (m.p.t. for short) is a quadruple (X,X , µ, T ),
where (X,X , µ) is a Lebesgue probability space and T : X → X is an invertible
measure preserving transformation.

We recall some results related to pointwise ergodic averages. The first point-
wise ergodic theorem was proved by Birkhoff in 1931. Followed from Furstenberg’s
beautiful work on the dynamical proof of Szemeradi’s theorem in 1977, problem-
s concerning the convergence of multiple ergodic averages (in L2 or pointwisely)
attracts a lot of attention.

The convergence of the averages
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in L2 norm was established by Host and Kra [14] (see also Ziegler [21]). We note that
in their proofs, the characteristic factors play a great role. The convergence of the
multiple ergodic average for commuting transformations was obtained by Tao [19]
using the finitary ergodic method, see [5, 13] for more traditional ergodic proofs by
Austin and Host respectively. Recently, the convergence of multiple ergodic averages
for nilpotent group actions was proved by Walsh [20].

The first breakthrough on pointwise convergence of (0.1) for d > 1 is due to
Bourgain, who showed in [7] that for d = 2, for p, q ∈ N and for all f1, f2 ∈ L∞, the

limit 1
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n=0 f1(T

px)f2(T
qx) exists a.e. Before Bourgain’s work, Lesigne showed

this convergence holds if the system is distal, with T p, T q and T p−q ergodic [18].
Also in [9, 2], it was shown that the problem of the almost everywhere convergence
of (0.1) can be deduced to the case when the m.p.t. has zero entropy. One can also
find some results for weakly mixing transformations in [1, 2, 4].

Recently there are some studies on the limiting behavior of the averages along
cubes, and please refer to [6, 14, 3, 8] for details. Also in [8], they obtained the
following result. For i = 1, 2, . . . , d, let Ti : X → X be m.p.t., fi ∈ L∞(µ) be
functions, pi ∈ Z[t] be non-constant polynomials such that pi − pj is non-constant
for i 6= j, and b : N→ N be a sequence such that b(N)→∞ and b(N)/N1/d → 0 as
N →∞, where d is the maximum degree of the polynomials pi. Then the averages
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converge pointwise as N →∞.

Let (X,X , µ, T ) be an ergodic m.p.t. We say that (X̂, T̂ ) is a topological model (or

just a model) for (X,X , µ, T ) if (X̂, T̂ ) is a t.d.s. and there exists an invariant prob-

ability measure µ̂ on the Borel σ-algebra B(X̂) such that the systems (X,X , µ, T )

and (X̂,B(X̂), µ̂, T̂ ) are measure theoretically isomorphic.

The well-known Jewett-Krieger’s theorem [15, 16] states that every ergodic system
has a strictly ergodic model. We note that one can add some additional properties to
the topological model. For example, in [17] Lehrer showed that the strictly ergodic
model can be required to be a topological (strongly) mixing system in addition.

Now let τ̂d = T̂×. . .×T̂ (d times) and σ̂d = T̂×. . .×T̂ d. The group generated by τ̂d
and σ̂d is denoted 〈τ̂d, σ̂d〉. For any x ∈ X̂, let Nd(X̂, x) = O((x, . . . , x), 〈τ̂d, σ̂d〉), the
orbit closure of (x, . . . , x) (d times) under the action of the group 〈τ̂d, σ̂d〉. We remark

that if (X̂, T̂ ) is minimal, then all Nd(X̂, x) coincide, which will be denoted by

Nd(X̂). It was shown by Glasner [12] that if (X̂, T̂ ) is minimal, then (Nd(X̂), 〈τ̂d, σ̂d〉)
is minimal.

In this paper, first we will show the following theorem.

Theorem A: Let (X,X , µ, T ) be an ergodic m.p.t. and d ∈ N. Then it has a strictly

ergodic model (X̂, T̂ ) such that (Nd(X̂), 〈τ̂d, σ̂d〉) is strictly ergodic.

As a consequence, we have:

Theorem B: Let (X,X , µ, T ) be an ergodic m.p.t. and d ∈ N. Then for f1, . . . , fd ∈
L∞(µ) the averages
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converge µ a.e.

We remark that similar theorems as Theorems A and B can be established for
cubes. Moreover, the convergence in Theorem B can be stated for any tempered
Følner sequence {FN}N≥1 of Z2 instead of [0, N − 1]2.

It is a long open question if the multiple ergodic averages 1
N
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converge a.e. Using some results developed when proving Theorem A, we answer
the question positively for distal systems. Namely, we have

Theorem C: Let (X,X , µ, T ) be an ergodic distal system, and d ∈ N. Then for all
f1, . . . , fd ∈ L∞(µ)
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converge µ a.e..

Note that Furstenberg’s structure theorem [10, 11] states that each ergodic sys-
tems is a weakly mixing extension of an ergodic distal system. Thus, by Theorem
C the open question is reduced to deal with the weakly mixing extensions.
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