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A brief visit to flag country: reminiscences and recent results

Ivan Penkov, Jacobs University Bremen

Yu. Manin, Grassmannians and flags in supergeometry. In: Some Problems of Modern
Analysis, Moscow State University, 1984, pp 83-101.

See also Yu. Manin, Gauge Fields and Complex Geometry, Nauka, 1984

Recall the definition of a complex supermanifold N = (Nred ,ON ). Let T = T0 � T1 be
finite-dimensional Z2-graded complex vector space

d = d0 |d1, d0 6 dimT0, d1 6 dimT1.

Gr(d,T) : N-points of Gr(d,T) = locally free subsheaves of rank d in T ⌦ OGr(d,T), where N is
an arbitrary complex supermanifold. Yu. I. showed

Gr(d,T)red = Gr(d0,T0) ⇥ Gr(d1,T1), gr OGr(d,T) '
^

(S+l ⌦ S�r � S�l ⌦ S+r),

where
S+ = Sa, S� = ((X ⌦ OGr(a,X))/Sa)⇤

are the two non-ample tautological bundles on a usual grassmannian Gr(a,X).
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Already in 1981(?) the question arose:

is OGr(d,T) isomorphic to
^

(S+l ⌦ S�r � S�l ⌦ S+r), i.e., does Gr(d,T) split?

The answer was given by Igor Skornyakov who showed that Gr(1|1,C2|2) does not split. This
implies then that Gr(d0 |d1,T) splits if and only if d0d1(dimT0 � d0)(dimT1 � d1) = 0.

Moreover, Gr(d,T) is projective (embeds in G(1|0,T0) for some T
0) if and only if Gr(d,T)

splits. Igor and I characterized all projective flag supermanifolds: for instance all flag
supermanifolds of maximal length are projective but do not neccessarily split.

Without details, I will mention that a Bott-Borel-Weil theory for flag supermanifolds started
being developed already in the 1980’s: see the recent book I.P., C. Hoyt, Classical Lie algebras
at infinity, Springer Monographs in Mathematics, 2022.

However, this theory is incomplete: it concerns only ”generic” line bundles of flag
supermanifolds. For instance, the cohomology of all line bundles on all supergrassmannians
seems not to have been systematically computed.

Recently, the cohomology of the sheaf OGr(d,T) was computed in S. Sam, A. Snowden,
Cohomology of flag supermanifolds and resolution of determinantal ideals, arXiv 2108.00504
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3. A theorem and a conjecture

The following is proved in I. P., A. Tikhomirov, Linear Ind-Grassmannians, Pure and Appl.
Math Quarterly 10 (2014), 289-323.

Theorem: Let ' : Gr(a,X) ,! Gr(b,Y) be an embedding satisfying '⇤OGr(b,Y)(1) ' OGr(a,X)(1).
Then ' factors through a projective subspace of Gr(b,Y) or is a standard extension as defined
below.
An embedding ' : Gr(a,X) ,! Gr(b,Y) is a strict standard extension if it has the form
Xa 7! Xa � Yfixed for some isomorphism Y = X � X and some subspace Yfixed ⇢ X.

A standard extension is the composition of a standard extension with a duality map

Gr(b,Y) = Gr(dimY � b,Y⇤) or Gr(a,X) = Gr(dimX � a,X⇤).

In view of the non-projectivity of a generic supergrassmannian, embeddings of
supergrassmannians into other supergrassmannians should play a more interesting role than in
commutative geometry. Note that the notion of standard extension generalizes to the super case.

Conjecture: Let ' : Gr(d,T) ,! Gr(f ,Q) be an embedding of supergrassmannians inducing an
isomorphism on Picard groups. Assume that Gr(d,T) is not projective. Then ' is a standard
extension.

Note: see also the recent paper by E. Shemyakova and T. Voronov, arXiv 1906.12011, in which
a “super Plücker” embedding is defined.
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4. Flag ind-varieties

Let G = GL(1) = GL(E,V), where V is a countable-dimensional complex vector space and E is
a fixed basis of V . By definition, GL(E,V) is the group of automorphisms of V , each of which
leaves all but finitely many elements of E fixed.

GL(E,V) = lim
��!

GL(n,Vn), Vn = span(e1, . . . , en).

Flag ind-varieties are ind-varieties G/P where P are parabolic subgroups of G such that
P \ GL(n,Vn) = Pn. Then

G/P ' lim
��!

(GL(n,Vn)/Pn) .

Ivan Dimitrov and I gave a flag realization of flag ind-varieties: I. Dimitrov, I.P. Ind-varieties of
generalized flags as homogeneous spaces for classical ind-groups, IMRN 2004.

The key notion is that of a generalized flag in V: this is a chain F of subspaces of V satisfying
the following two conditions

– each element of F has an immediate successor or an immediate predecessor

– 8v 2 V , v , 0, we have v 2 F
00
\F
0 for some F

0
2 F and its immediate successor F

00

4



5

A generalized flag F is E-compatible if each subspace in F is spanned by vectors of E.

The basis E determines an ind-torus H ⇢ G (Cartan subgroup). Parabolic subgroups P ⇢ G

containing H are in 1 � 1 correspondence with E-compatible generalized flags in V:

F $ StabGF = PF

Moreover, G/PF = Fl(F ,E,V), where Fl(F ,E,V) =
{all generalized flags F isomorphic to F as ordered sets, such that F and F are commensurable and
F is E

0-compatible for a basis E
0(depending on F ) di↵ering from E in finitely many vectors}

Analogies with the finite-dimensional super case:

– not all Borel subgroups of G are conjugate

– existence of non-ind-projective manifolds of generalized flags

In fact, Fl(F ,E,V) is ind-projective, F is ordered by Z>0, Z60, Z, or a finite set.
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Di↵erences with the super case:

– if F = {0 ⇢ W ⇢ V} then Gr(W,E,V) := Fl(F ,E,V) is ind-projective.

– if F is maximal, then Fl(F ,E,V) is almost never ind-projective, while flag supermanifolds
of maximal length are always projective.
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7. Automorphism groups

1. Finite-dimensional flag varieties:

Aut Fl(k1, . . . , kr ,X) '

8>>><
>>>:

PGL(X)

PGL(X) o Z2 if ki = dimX � kr+1�i for all i

Very little dependence on k1, . . . , kr!

Should be worked out also in the super case!
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2. Ind-varieties of generalized flags:

Two easy cases. Consider P(V) := Fl(F ,E,V) for F = (0 ⇢ W ⇢ V), dimW = 1,
and Fl(F 0,E,V) for F 0 = (0 ⇢ W

0
⇢ V), codimV W

0 = 1. Then

Aut P(V) = PGL(V), Aut Fl(F 0,E,V) = PGL(V⇤),

where V⇤ = span {E⇤} and E
⇤ is the system dual to E.

Observation: the connected component of unity in Aut Fl(F ,E,V) is not a subgroup of PGL(V).

Next case: Aut Fl(F ,E,V) for F = (0 ⇢ W ⇢ V), codimV W = dimW = 1.

Gr(W,E,V) := Fl(F ,E,V) is the Sato grassmannian. To describe Aut Gr(W,E,V) we need a
definition.

Let X ⌦ Y ! C be a non-degenerate form. Then Y ⇢ X
⇤.

M(X,Y) = {invertible ' : X ! X | '⇤(Y) = Y} is the Mackey group of the form X ⌦ Y ! C.

Aut Gr(W,E,V) ' P

⇣
M(U⇤ � U,U⇤ � U)0

⌘
o Z2 where U is a countable-dimensional vector

space.
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The elements of M(U⇤ � U,U⇤ � U)0 have the following matrix form

A =

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

A
�1 =

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

Another example: F = {0 ⇢ F1 ⇢ F2 ⇢ · · · ⇢ F�2 ⇢ F�1 ⇢ V}, maximal generalized flag

Aut Fl(F ,E,V) =

8>>>>>>>>>><
>>>>>>>>>>:

A = and A
�1 has the same form

9>>>>>>>>>>=
>>>>>>>>>>;
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S0
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S

<latexit sha1_base64="ekcG8lR4wtH0py7EuoHD4ZaiJQQ=">AAACHXicbVDLSgNBEJyNrxhfUY9eBoPgxbAbRD0GvXiMYKIQQ5id9OqQeSwzvUpc/Ayv+jXexKv4MYKTx8FECwaKqm6muuJUCodh+BUU5uYXFpeKy6WV1bX1jfLmVsuZzHJociONvY6ZAyk0NFGghOvUAlOxhKu4fzb0r+7BOmH0JQ5S6Ch2q0UiOEMvtROhBQK15sF1y5WwGo5A/5JoQipkgka3/H3TMzxToJFL5lw7ClPs5Myi4BKeSjeZg5TxPruFtqeaKXCdfBT5ie55pUcTY/3TSEfq742cKecGKvaTiuGdm/WG4r8e6Ez5k9TU/zmK/uMB782EwuSkkwudZgiajzMlmaRo6LAq2hMWOMqBJ4xb4c+i/I5ZxtEXWvJ9RbPt/CWtWjU6qh5e1Cr100lzRbJDdsk+icgxqZNz0iBNwokhz+SFvAavwVvwHnyMRwvBZGebTCH4/AFPWqNj</latexit>
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columns

<latexit sha1_base64="7Fqw3wK5SPGal4FFfAlbSbO95WQ=">AAACGnicbVDLSgMxFM34rPVVdelmsAhuLDNF1GXRjcsK9gFtKZn0ThuaZIbkjjAO/Qm39mvciVs3foxg+ljY1gOBwzn3ck9OEAtu0PO+nbX1jc2t7dxOfndv/+CwcHRcN1GiGdRYJCLdDKgBwRXUkKOAZqyBykBAIxjeT/zGM2jDI/WEaQwdSfuKh5xRtFIz5Ioj1Wm3UPRK3hTuKvHnpEjmqHYLP+1exBIJCpmgxrR8L8ZORjVyJmCUbycGYsqGtA8tSxWVYDrZNO/IPbdKzw0jbZ9Cd6r+3cioNCaVgZ2UFAdm2ZuI/3qgEskR5ML9DPnw5ZL1lkJheNvJuIoTBMVmmcJEuBi5k57cHtfAUKSWUKa5/ZbLBlRThrbNvO3LX25nldTLJf+6dPVYLlbu5s3lyCk5IxfEJzekQh5IldQII4K8kjcydsbOu/PhfM5G15z5zglZgPP1Cx/lokE=</latexit>

finitary
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In general:

The details see in M. Ignatyev, I. P., Automorphism groups of ind-varieties of generalized flags,
arXiv 2106.00989.

Conjecture. Aut Fl(F ,E,V)con
' Aut Fl(F 0,E0,V)con if one of the following holds:

– for some ' : V ! V with '(E) = E
0, F 0 and '(F ) di↵er by adding or deleting finitely

many spaces each of which yields a new finite-dimensional quotient.

– for some  : V ! V⇤ with  (E) = E
0⇤, F 0? and  (F ) di↵er by adding or deleting finitely

many spaces each of which yields a new finite-dimensional quotient.

10

<latexit sha1_base64="MF0N+24LTIYUEKL+aOpL5aQHgrU="></latexit>

F as an ordered set

<latexit sha1_base64="lSoRubsKmxTAeJgTffDX8LcIlNE=">AAACK3icbVDLSgMxFM34rOOr6sKFm2AR3FhmRNSNKArisoJVwZaSSW81NMkMyR2xDvM1bu13+AEuRHHrZwimrQutHggczrmXnHuiRAqLQfDqjYyOjU9MFqb86ZnZufniwuK5jVPDocpjGZvLiFmQQkMVBUq4TAwwFUm4iNpHPf/iFowVsT7DTgJ1xa61aAnO0EmN4nJNMbzhTGbHOa0h3GFGmaV5o1gKykEf9C8Jv0lp/8nfSx5e/Eqj+FlrxjxVoJFLZu1VGCRYz5hBwSXkfi21kDDeZtdw5ahmCmw96x+Q0zWnNGkrNu5ppH3150bGlLUdFbnJXlw77PXEfz3QqRII6tf/GYr2/QZvDoXC1m49EzpJETQfZGqlkmJMe8XRpjDAUXYcYdwIdxblN8wwjq5e3/UVDrfzl5xvlsPt8tZpWDo4JAMUyApZJeskJDvkgJyQCqkSTnLyQB5J1+t6z96b9z4YHfG+d5bIL3gfXxPEq6M=</latexit>

F as
<latexit sha1_base64="cdIvgvsRQw75QghYyM2D84oVYrk=">AAACHHicbVDLSgMxFM34rPVVdekmWAQ3lhkRdSm6cVnBPrAtJZO5bUOTzJDcEergX7i1X+NO3Ap+jGD6WNjWA4HDOfdyT06YSGHR97+9peWV1bX13EZ+c2t7Z7ewt1+1cWo4VHgsY1MPmQUpNFRQoIR6YoCpUEIt7N+O/NoTGCti/YCDBFqKdbXoCM7QSY9M09hEYCBqF4p+yR+DLpJgSopkinK78NOMYp4q0Mgls7YR+Am2MmZQcAkv+WZqIWG8z7rQcFQzBbaVjRO/0GOnRLQTG/c00rH6dyNjytqBCt2kYtiz895I/NcDnSqBoGbuZyj6z6c8mguFnatWJnSSImg+ydRJJcWYjpqikTDAUQ4cYdwI9y3Ke8wwjq7PvOsrmG9nkVTPSsFF6fz+rHh9M20uRw7JETkhAbkk1+SOlEmFcKLJK3kjQ2/ovXsf3udkdMmb7hyQGXhfvyhdosM=</latexit>

an ordered
<latexit sha1_base64="dXPZcPa2ONd21q3no60qGARsFHs=">AAACFXicbVDLSgMxFM3UV62vqks3g0VwY5kpoi6LblxWtA9oS8mkd9rQJDMkd4Q69BPc2q9xJ25d+zGC6WNhWw8EDufcyz05QSy4Qc/7djJr6xubW9nt3M7u3v5B/vCoZqJEM6iySES6EVADgiuoIkcBjVgDlYGAejC4m/j1Z9CGR+oJhzG0Je0pHnJG0UqPBrCTL3hFbwp3lfhzUiBzVDr5n1Y3YokEhUxQY5q+F2M7pRo5EzDKtRIDMWUD2oOmpYpKMO10GnXknlml64aRtk+hO1X/bqRUGjOUgZ2UFPtm2ZuI/3qgEskR5ML9FPng5YJ1l0JheNNOuYoTBMVmmcJEuBi5k4rcLtfAUAwtoUxz+y2X9ammDG2ROduXv9zOKqmViv5V8fKhVCjfzpvLkhNySs6JT65JmdyTCqkSRnrklbyRsTN23p0P53M2mnHmO8dkAc7XL9ISn/U=</latexit>

set

<latexit sha1_base64="7Fqw3wK5SPGal4FFfAlbSbO95WQ=">AAACGnicbVDLSgMxFM34rPVVdelmsAhuLDNF1GXRjcsK9gFtKZn0ThuaZIbkjjAO/Qm39mvciVs3foxg+ljY1gOBwzn3ck9OEAtu0PO+nbX1jc2t7dxOfndv/+CwcHRcN1GiGdRYJCLdDKgBwRXUkKOAZqyBykBAIxjeT/zGM2jDI/WEaQwdSfuKh5xRtFIz5Ioj1Wm3UPRK3hTuKvHnpEjmqHYLP+1exBIJCpmgxrR8L8ZORjVyJmCUbycGYsqGtA8tSxWVYDrZNO/IPbdKzw0jbZ9Cd6r+3cioNCaVgZ2UFAdm2ZuI/3qgEskR5ML9DPnw5ZL1lkJheNvJuIoTBMVmmcJEuBi5k57cHtfAUKSWUKa5/ZbLBlRThrbNvO3LX25nldTLJf+6dPVYLlbu5s3lyCk5IxfEJzekQh5IldQII4K8kjcydsbOu/PhfM5G15z5zglZgPP1Cx/lokE=</latexit>

finitary

<latexit sha1_base64="HFplOyK2WsQCmV+jV449zzP9t0I=">AAACH3icbVBNS8NAFNz4bfyqevQSLIIXS1JEPRa9eKxgq6BBNtuXdunuJu6+KDX0d3jVX+NNvPbHCG7aHGx1YGGYeY+dN1EquEHfHzlz8wuLS8srq+7a+sbmVmV7p22STDNosUQk+jaiBgRX0EKOAm5TDVRGAm6i/kXh3zyBNjxR1zhIIZS0q3jMGUUrhTFXHMF1dfJs3IdK1a/5Y3h/SVCSKinRfKh833cSlklQyAQ15i7wUwxzqpEzAUP3PjOQUtanXbizVFEJJszHoYfegVU6Xpxo+xR6Y/X3Rk6lMQMZ2UlJsWdmvUL81wOVSXuUnPo/R95/OWKdmVAYn4U5V2mGoNgkU5wJDxOvKMvrcA0MxcASyjS3Z3msRzVlaCst+gpm2/lL2vVacFI7vqpXG+dlcytkj+yTQxKQU9Igl6RJWoSRR/JK3si78+58OJ/O12R0zil3dskUnNEPnPujdQ==</latexit>

finite
rows

<latexit sha1_base64="VajrNd7SFcvfpfmEzO1s37tAl6Y=">AAACJHicbVDLSsNAFJ3UV42vqEs3wSK4sSRF1GXRjcsKtgpaymRyo0NnJmHmplBD/8St/Rp34sKNfyI4abvQ6oGBw7mPOfdEmeAGg+DDqSwsLi2vVFfdtfWNzS1ve6dj0lwzaLNUpPo2ogYEV9BGjgJuMw1URgJuov5FWb8ZgDY8Vdc4zKAr6YPiCWcUrdTzvIQrjuC6dlUulXF7Xi2oBxP4f0k4IzUyQ6vnfd3HKcslKGSCGnMXBhl2C6qRMwEj9z43kFHWpw9wZ6miEky3mDgf+QdWif0k1fYp9Cfqz4mCSmOGMrKdkuKjma+V4r81ULm0d8lf/xfI+09HLJ4zhclZt+AqyxEUm3pKcuFj6peJ+THXwFAMLaFMc3uWzx6ppgxtrmVe4Xw6f0mnUQ9P6sdXjVrzfJZcleyRfXJIQnJKmuSStEibMDIgz+SFjJ2x8+q8Oe/T1oozm9klv+B8fgOirqT6</latexit>

finite
columns

<latexit sha1_base64="aKru5DiKn/wDMVQ3qO/9ClMbQNc=">AAACI3icbVDLSgMxFM3UVx0frbp0M1gEN5aZIuqy6MZlBfuAtpRMetuGJpkhuSPUoV/i1n6NO3Hjwk8RTB8L23ogcDjnXu7JCWPBDfr+l5PZ2Nza3snuunv7B4e5/NFxzUSJZlBlkYh0I6QGBFdQRY4CGrEGKkMB9XB4P/Xrz6ANj9QTjmJoS9pXvMcZRSt18jkVua4Gg5qzuVLwi/4M3joJFqRAFqh08j+tbsQSCQqZoMY0Az/Gdko1ciZg7LYSAzFlQ9qHpqWKSjDtdBZ87J1bpev1Im2fQm+m/t1IqTRmJEM7KSkOzKo3Ff/1QCWSI8il+yny4csl666Ewt5tO+UqThAUm2fqJcLDyJsW5nW5BoZiZAllmttveWxANWVoa3VtX8FqO+ukVioG18Wrx1KhfLdoLktOyRm5IAG5IWXyQCqkShhJyCt5IxNn4rw7H87nfDTjLHZOyBKc71+FGKT5</latexit>no
restriction

<latexit sha1_base64="HFplOyK2WsQCmV+jV449zzP9t0I=">AAACH3icbVBNS8NAFNz4bfyqevQSLIIXS1JEPRa9eKxgq6BBNtuXdunuJu6+KDX0d3jVX+NNvPbHCG7aHGx1YGGYeY+dN1EquEHfHzlz8wuLS8srq+7a+sbmVmV7p22STDNosUQk+jaiBgRX0EKOAm5TDVRGAm6i/kXh3zyBNjxR1zhIIZS0q3jMGUUrhTFXHMF1dfJs3IdK1a/5Y3h/SVCSKinRfKh833cSlklQyAQ15i7wUwxzqpEzAUP3PjOQUtanXbizVFEJJszHoYfegVU6Xpxo+xR6Y/X3Rk6lMQMZ2UlJsWdmvUL81wOVSXuUnPo/R95/OWKdmVAYn4U5V2mGoNgkU5wJDxOvKMvrcA0MxcASyjS3Z3msRzVlaCst+gpm2/lL2vVacFI7vqpXG+dlcytkj+yTQxKQU9Igl6RJWoSRR/JK3si78+58OJ/O12R0zil3dskUnNEPnPujdQ==</latexit>

finite
rows

<latexit sha1_base64="VajrNd7SFcvfpfmEzO1s37tAl6Y=">AAACJHicbVDLSsNAFJ3UV42vqEs3wSK4sSRF1GXRjcsKtgpaymRyo0NnJmHmplBD/8St/Rp34sKNfyI4abvQ6oGBw7mPOfdEmeAGg+DDqSwsLi2vVFfdtfWNzS1ve6dj0lwzaLNUpPo2ogYEV9BGjgJuMw1URgJuov5FWb8ZgDY8Vdc4zKAr6YPiCWcUrdTzvIQrjuC6dlUulXF7Xi2oBxP4f0k4IzUyQ6vnfd3HKcslKGSCGnMXBhl2C6qRMwEj9z43kFHWpw9wZ6miEky3mDgf+QdWif0k1fYp9Cfqz4mCSmOGMrKdkuKjma+V4r81ULm0d8lf/xfI+09HLJ4zhclZt+AqyxEUm3pKcuFj6peJ+THXwFAMLaFMc3uWzx6ppgxtrmVe4Xw6f0mnUQ9P6sdXjVrzfJZcleyRfXJIQnJKmuSStEibMDIgz+SFjJ2x8+q8Oe/T1oozm9klv+B8fgOirqT6</latexit>

finite
columns

<latexit sha1_base64="PBoZAYnJdWOsx3O6VBTwXetoNeI=">AAACNnicbVDLSgMxFM34dnxVXboJLYIby4yIuhTduKxgq9CWksncamgeQ3JHqYN7v8at/oobd+LWHxBMaxfaeiBwcs69yb0nyaRwGEWvwdT0zOzc/MJiuLS8srpWWt9oOJNbDnVupLFXCXMghYY6CpRwlVlgKpFwmfROB/7lLVgnjL7AfgZtxa616ArO0EudUtmCQyv44ObC0GhqzZ2jTKdh6F/PlXadUiWqRkPQSRKPSIWMUOuUvlqp4bkCjVwy55pxlGG7YBYFl/AQtnIHGeM9dg1NTzVT4NrFcJcHuu2VlHaN9UcjHaq/OwqmnOurxFcqhjdu3BuI/3qgcyUQ1J//CxS9+12ejg2F3aN2IXSWI2j+M1M3lxQNHWRIU2GBo+x7wrgVfi3Kb5hlHH3Soc8rHk9nkjT2qvFBdf98r3J8MkpugWyRMtkhMTkkx+SM1EidcPJInsgzeQlegrfgPfj4KZ0KRj2b5A+Cz29haKx9</latexit>

restrictions
on rows and
columns


