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Disclaimer Confession

1 I will not use any deep results in

condensed mathematics

I even will not use pw finite sets at all

2 I will not use the language of a categories

It is Simply because I am not fluent in it yet

The o categorical formulation should provide better results

and should not be so difficult
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Conley index theory
a refinement generalization of
some aspects of Morse theory

Continuous time case Conley 78 Salamon 85

P Discrete time case Robbin Salamon 88

Mroze k 90 94 Szymczak 95 Frank Richeson 00
Y
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Morse f Bott theory

gradient flows on manifoldst.neneraeaiiaepointslabmanitna.IT

し more general

Conley index theory

lpartial semiflows self.maps on

topological spaces

_µ __ い



Conley index theory is used not only in the study of

topological dynamics themselves pure and applied

but also for instance in Manolescu's construction 03 of

the Seiberg Witten Flo er stable homotopy type of 3 manifolds

a spatial refinement of the monopole Flo er homology

far beyond the scope of today's talk



There are some unsatisfactory features in

the traditional formulation of Conley index theory

a Proofs are complicated and does not provide

conceptual understanding at least to me

た

as a homotopy type of spaces in the continuous time case

even less data in the discrete time case

Even worse it is a mere homotopy type

i.e howtopy oh tune is not considered

We want to define it as an actual space



Two years ago

I proposed a new framework for Conley index theory

which I think is simpler and more flexible

than the traditional formulation

My Conley index takes values in a rather mysterious category

while I called Sz CHaus x or SZcont CHansx in my paper
I named after Szymezak 951

I knew that it is the 1 categorically I universal re ie iver J
the construction and that it has non himtopical data

However I could not figure out what is it after all



Some months later I realized that

Sz CHaus x is naturally regarded as a full subcategory of

the category of based Z for R equivariant condensed sets

So my Conley index is an actual space as I wanted

In today's talk I will explain

my latest understanding of the Conley index

f Ly P
Still win in a definitive form

The traditional formulation で_1 explained

For simplicity I will concentrate on the discrete time case
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Def X Y LC Haus spaces

A l continuous l partial map from X to Y is a diagram

X く Dom f s Y where

Dom f es X a locally closed embedding
で

Dom f LC Hans

Dom f Y a continuous map

We will regard Dom f as a subset of X

Partial maps will be demoted as fi X T



For f X Y and g Y Z

we can define the composite go f X ni Z

Dom I go f f D.mg

Def 1 f X Y is proper

幽 f Don f Y is a proper map

2 f openly defined

Dom f ces X is an open embedding

They are closed under composition



If f X Y is proper and openly defined

the map ft が ヾ
One Point compactification
F Y 凵 htt as a set

uol.es fM E Dom f

otherwise
IS Continuous

Conversely if gilk.ro 1 L Yo is

a based continuous map f based C Hans spares

then j K his L すいら defined by

Dom j g Ln his I g on Doing

is pier
and openly defined



LC Hans the category of locally compact Hausdorff spares

and proper openly defined partial maps

CH aust the category of based CH aus spaces

and based continuous maps

The one point compactification induces

an equivalent e LC Haus C Haus y



In the rest of my talk we fix

a continuous partial self_ map fi X X

a discrete time topological semi dynamical system

Def i For E c X locally closed

define た E si E by

Dom た En f E た f on Domた

Even if f X っ X is a homeomorphism

た E E is usually not everywhere defined



Def For E E C X locally closed

E y E For a b.ci b 0

fi E c f E

If your point stays in E

from time o to time at

b.Y
子 だいご c.fi E

then it must be in E

Thus informally speaking En f E means that

go.my が s t

E and E has the same size



Def For E E c X locally closed and a.b.cc IN

define f筮 E et E by

Dom f fi E n FI f E

た e f on Dom だご

By definition た だ
が C

Notation だ always means した not If E

Thus Dom だ fi IE



The first key result is the following

Th A E T E y E a.b c d b c O

だ だが だ
bが いい

The nontrivial point is that they have the same domain

The proof is elementary and completely formal

computation of subset inclusions i omitted

since た だ
が

As a corollary we have

だ 左 だ だ a.b.cn o

Y
だ だが だ だが

a.b.c d.b i o



To state the second key result

we introduce the following terminology

Def A locally closed subset E e X is f compactif iable

幽 た E E is proper and openly defined

ws だ i 1ご a based continuous self.map on

a based C Haus space Et



Ex fi IN R り は 僎
涎荻湾Er.si ニ l ER2 IN r.ly I Es r.s 0

is an f compactif i able subset of R2

a Dom た Em.s.fm Ers

f Ers Erk.s Ers is a closed embedding with

image E r.sk た Ers hence proper

し

ie た 遝 臠

の fy
たに s open A pや Er.sn closed

t



TM B En f E a b c O

い た i E et E だ E s E proper

f E es E proper

2 た i E et E だ E est E openly defined

f E et E openly defined

In particular if E and E are f compactif i able

だご E E is proper and openly defined

The proof is again elementary and completely found

We give the proof of 11 only 12 is similarly proved



Proof of TMB 1 We can factor iz e

だご Dom だ s E as follows

Dom だ だ El n が t E

T ザ E n だいご

な Fit IE ti E

It suffices to show that 10.20.3〇 are all proper



だ E s E is proper

ms

fiof
i E E is proper

The following is a pullback diagram

ti Ein が だいご T t E n だいご
I I

Fit E
だ

s E

た E mi E proper ms is proper

uns is proper



The following is a pullback diagram

ザ E n だいご な べ だいご

し

た fi IE L ee.f_ EEP
This inclusion holds sin ie

Ent E and b.es o

To see that is proper

it is enough to show that is proper



が fi IE Eres f E

だ じ fb

s E
た E et E is proper ms is proper

is proper

In LC Haus every morphism is separated

This completes the proof 网



3 Based を 一 equivariant condensed sets

associatedwithfompaaifiablesubsetskreeefttt



We now want to explain an implication of TMA and B

But before doing so

let us introduce the following general construction



Def Ci a category

u A 一 つ A an endomorphism in C

Define Uso A Ao in Ind le by
し inch category

A ニ 凹 1 A で AS A で

し
signifies the a limit in Ind le

is in dad from

Am A s A s A s

Ytu tu tu tu
Are A s A s A Us



Lem Ua Aro Es A is an isomorphism I

I The inverse is explicitly given by

An A s A s A s

u f idn idn idnIAre A s A s A s

1

Recall Are A
い
ゝ A s A s

I t.fr in inDA

s A
い
s A UsAre

ms Ao is a 2 equivariant inch object of C



An interpretation

u A A a semi dynamical system

U is Iusually not a monomorphism

us We lose Some information as time passes

A him l A で AS A で

knows exactly the long time behaviour

i.e all information which is not lost

within finite time



Now let us go back to the setting of Th A and

BEc X i f compactif i able

ws た E E proper openly defined

Equivalently だ Et 1ご in CH aus x

ms FI 凹 Et It だ Et

til i EI E EE

an isomorphism in Ind CHaus x Ind ICH aus x



Using This A and B we can define

YEE EI Eが for Ey E as follows

Fix a.b C O

Sine だが た だ だだ
and since だご is proper and openly defined

だ I EI Eが is induced

Y
me ee だが

YEE does not depend on the choice of a.b c 0

Y
sine だご だ が

f淡 だが c



Properties of YE'E i

Obviously YEE id EI

た だ だが いい いい
Sime

we have YE Et 0 4E'E 4E'E

m YEE is an isomorphism whose inverse is YEE

だが た だ だがSine

we have YEE o だ a だ o YE'E

i.e YEE is Z_ equivariant



Summary

o Each t.compast if iable subset E c X defines

an ob jen EI of Z Ind CHans t

た 2 equivariant

If Ey E we obtain an isomorphism

YE'E Ee t EI in Z Ind CHans

The identification of Eo and Eri via YE'E

is legitimate i.e Ee TE s ES

だE
E

だだ



Now recall that Ind CHans is a full subcategory of

the category Gud Set of condensed sets

Hence I Ind ICH aus x is a full subcategory of

the category Z Cond I Set of
based 2 equivariant Condensed sets

Each y equivalence class of t.compattiable subsets

defines a based Z_ equivariant Condensed set

up to unique isomorphism



Sttheconleyindexofteeef
isolatedfninuariantsubsetsregee



How to find t.compact if i able subsets

TM C E E c X locally closed Ent E

た E es E proper だ E et E openly defined

For a b C O

E 咸 が E n FI f E

is t.compactif i able and E T E T E

Once again the proof is elementary and completely formal

omitted



As an application of Th C let us define

the Conley index of isolated f invariant subsets

Def S c X is f invariant

幽 S c Dom f and f SI S
T

Q stronger than Sc f S

Def For E c X define its t.in variant part It E

to be the largest f invariant subset of E

at b

Explicitly If I E f ヘ ド E
easy9 ba IN i o



Det Sc X f invariant

に A locally closed neighbourhood E of S is isolating

e
Y
OF is compare and E c Dom f

s.yEhy.TT the closure of E

2 S is isolated

ヨ
an isolating neighbourhood of S

Prop D Sc X isolated f invariant

E E isolating neighbourhoods of S E f E



Pf Put K i E O E〇 一 the interior of E

Then K o n s decreasing family

だ為 に 彘 で 養一

Since K is compact To bo E

NS.t.lk.on f T が いい 0

i.e F が k c が 1 で
v h

Fi fi IE が E

The same for the converse direction 四



Dat i S c X isolated f invariant

A locally closed neighbourhood E of S

is an index neighbourhood

e E is an isolating neighbourhood of S

E is f.compati fi able

Prop E Sc X isolated f_ invariant

The set of all index neighbourhoods forms

a neighbourhood basis of S

In particular
日
an index neighbourhood of S



I S isolated S compact I easy

Thus it is enough to show that

V K comp at isolating neighbourhood of S

ヨ E an f compact if i able neighbourhood of
Ss.t.EC K

Take any open isolating neighbourhood で of S

e.g.ir E
us By Prop D K T V

Take a b c 0 and put

E だ K n ドジ だ 10



E だ K n ドジ だ IV lab.c so

E is a neighbourhood of S and E c K

a た K ti K is proper

Dom た K n f K is a CHaus space

w o ー my age

Dom to Un f 10 is open in U

us By Th C E is t.compact if i able D



tef S C X isolated f invariant

We define the Conley index Indy S of S

to be the based 2 equivariant condensed set

Inde S EI Ey E だ

where E is an index neighbourhood of S
y

always exists ty Prop E

By Prop D Ind f l S does not depend on

the choice of E up to unique isomorphism



Ex fi が R に 1 叕 Ill 進

iS f i isolated f invariant

が
Ers LIL 進

Er.si ニ l ER2 flickr.lyI Es r.s 0

で 桜平三
ら is an index neighbourhood of S

Indy IS Em Eis
た

E is
た

Ei
た

rl Morse index 1
Rd Eis is homotopy equivalent to で〇 and

f is a homotopy equivalence



Indy S Ey Eis
た

E is
た

Ei
た

E him Eis Eri.as Eri.as

禰 it

if it
In this case the Conley index looks quite similar to

the Thom spare for the normal bundle

of the stable submanifold

The same for the other Morse like cases



Future directions Speculations

Homotopy invariance of the Conley index

Rewriting the theory of connection matrices

Conley index version of Mouse homology homotopy

Application To Floor theory

Categories other than LC Hans

algabro geometric arithmetic setting

Possible relation to the Six functor formalism

I に the case where E is not t.compati fi able

Hyperbolic localization



Thank you


